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Problem Definition

f: R > R convex and differentiable function

K C R? convex constraint set

min f(x)

xekK

Computational model: function access via first-order oracle

X€K | Blackbox V()

>

Goal: minimize number of queries X;,x,,...,x; to obtain

f(xout) _f(X*) S €



How to Optimize min f(x)

Gradient Descent

A1 = X — 1y Vf(x,)

1, . step size / learning rate

How to set the step size?

Theory answer: it depends ...
Practice answer: manually tune

Gradient descent visualization credit: Sunil Jangir
Step size cartoon credit: Stanford CS 231N

xeR4

Min = 0.006721577968651534

low learning rate

high learning rate

good learning rate

epoch



How to Set the Gradient Descent Step Size?

Theory answer: it depends on the problem structure

non-smooth smooth
IV <G Vi) — VI < pllx =yl
r 2
x| X
— kK
mzﬂ% x| n,=11p
G\T
VT Bl =l
G?llx — x*|° : B -
T = optimal 2
€? Pllxg — x*| :
AGD: T= optimal

Ve



How to Set the Gradient Descent Step Size?

Theory answer: it depends on the problem structure

Caveats:

 Step sizes depend on several parameters
(smoothness, gradient norm, distance to x*, ...)

* Parameters are often unknown and hard to tune
AutoML

[

The dream: T
: : N e

~ Automatically learn the step size &'

~ Adapt to (local or global) smoothness and convexity

 Universal algorithms that achieve optimal convergence
in the smooth and non-smooth settings simultaneously



The Plan for this Lecture

Introduce and analyze a variant of gradient descent that
uses the gradients observed to set the step sizes

We will show that the algorithm is universal: it
automatically adapts to the problem structure (non-smooth

or smooth)

We will show that the algorithm adapts to the problem
parameters G or f§

We will assume throughout that the domain has bounded
diameter and we know an upper bound R on the diameter

There exist algorithms that adapt to the diameter R of the
domain, but we will not discuss them in these lectures



Adaptive Gradient Descent min f(x)

xeR

[Duchi, Hazan, Singer; McMahan and Streeter 2010]

Adagrad (scalar version)

= t Ci
VI IV 0
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R opfitval Leppndepce on R

Preche we vie _'—-)



Adaptive Gradient Descent

min f(x)

xek

[Duchi, Hazan, Singer; McMahan and Streeter 2010]

/

Adagrad (scalar version)

. 1 2
— X,y = argrbflel[r{l <Vf(xt),u—xt> +2—m | u—x |

R

Hy =
VI VA1

}

\
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Adaptive Gradient Descent min f(x)

xek

[Duchi, Hazan, Singer; McMahan and Streeter 2010]

Adagrad (scalar version)

. 1 2
X,,; = argmin <Vf(xt),u —xt> +Z | u—x |
!

uek
R

Hy =
VI VA1

Gradient descent algorithm:

. 1 1
X =argmin < f(x) + (V) u—x) +—- =|lu—x]
. . on 2 Ay

uek

linear approx movement



Adaptive Gradient Descent min f(x)

xeK

[Duchi, Hazan, Singer; McMahan and Streeter 2010]

Adagrad (scalar version)

. 1 2
X,,; = argmin <Vf(xt),u —xt> +Z | u—x |
!

uek

7 = R
VI VA1

A note on the feasible domain k: Qf*)=0 % €K

* The step choice above is suitable for domgins that are
essentially unconstrained: K contains a global minimum

~ We will discuss extensions to general domains at
the end of the lecture



Adaptive Gradient Descent

min f(x)

xek

Adagrad (scalar version)

Letx; € K, R > max ||x — y||
x,yeK

Fort=1,...,T:
R

H: =
NOINCNE
X,4] = argmin { < Vi(x,), u — 'xt> | 21] |lu — xtllz}

uek

1 I
Return X, = T Z X,

=1




Adaptive Gradient Descent min f(x)

xek

Adagrad (scalar version)

Letx; € K, R > max ||x — y||
x,yeK

Fort=1..... I Assumption: K contains global min

R X* QK and v4cxx)ao

NOINICE
X,4] = argmin { < Vi(x,), u — 'xt> | 21] |lu — xtllz}

uek

Hy =

1 I
Return X, = T Z X,

=1




The Unreasonable Effectiveness of Adagrad..w.

-

)]

It automatically adapts to problem structure

O\
non-smooth smooth

V)l <G IV = VDI < Alix =i

R = max ||x, — x*||

te[T)
G’R? — PR?>  non-accelerated
I'=— optima I'==— smooth rate
[Duchi et al., McMahan & Streeter 2010] [Levy 2017, Levy et al. 2018]

[E., Nguyen, Vladu 2020]




The Unreasonable Effectiveness of Adagrad 4w

©
W\

It automatically adapts to problem structure

non-smooth smooth
Vil <G IVfx) = VIl < Bllx =y
U=l =[x,
=\ LAt
Intuition
1
IVF(x)||? stays constant VA decays at a - rate

—1/2 —1/2
= (Z IIVf(xS)Hz) =0 ( \/%) (Z IV >||2) = 0(1)
s=1 s=1



Adagrad Analysis

The analysis combines the non-adaptive gradient descent
analysis with some additional results

We can use the potential-based analysis from the primer
lecture

We will illustrate a different (but related) analysis that
leverages the optimization perspective of the GD update

. 1 1
Xp41 = argmin {f(xz) + (VIO u = x) +— - —flu = x|l }

uek . ) Ny
linear approx

movement



Adagrad Analysis: Non-smooth

As before, we assume that the gradients are bounded:

IVfO)l <G VxeK

f.%. + When ,F—i_\' G'L\'[’S’CL;{-I%: \-c(&)’_c(%)\ & G\l’(g”



Adagrad Analysis: Non-smooth

As before, we assume that the gradients are bounded:

IVfO)|l <G VxeK

Algorithm returns the uniform average:

1 T
J_CT:?th

=1



Adagrad Analysis: Non-smooth

As before, we assume that the gradients are bounded:

IVfO)|l <G VxeK

Algorithm returns the uniform average:

1 T
J_CT:?th

=1

By convexity:

1 T
fer) = fa) < — Z:, (fx) — fs))



Adagrad Analysis: Non-smooth

As before, we assume that the gradients are bounded:

IVfO)|l <G VxeK

Algorithm returns the uniform average:

1 T
J_CT:?th

=1
By convexity:

1 T

T

1 :
A < Z (V) x, —x*) frt ~oroler Charaefory

X t +Oﬂ
=1

'c()(*) ? ,(—Cxe) + <O*&(’<e) ) Ks&_ *Q>



Adagrad Analysis: Non-smooth

Next, we upper bound the inner product terms ( Vf(x), x, — x*)

Recall the update rule:

. 1 2
X,, = arg min <Vf(xt),u —xt> | o lu — x|
[
/

uek

— __

o
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4



Adagrad Analysis: Non-smooth

Next, we upper bound the inner product terms ( Vf(x), x, — x*)

Recall the update rule:

. 1 2
X,, = arg min <Vf(xt), U — xt> | o lu — x|
[

uek
The optimality condition gives us:

1
<Vf(xt),xt+1 — x*) < — <xt — X,y X — x*) rcc«rrqnaewer\'l'

"
t T . T 1
(‘; T (\\’(e’ "= Xeq =Xl - Ax"—ﬂ_xe“ )
Me
2 7z
Qg:lz(q*k’)"::o\ll"z_.‘g



Adagrad Analysis: Non-smooth

Next, we upper bound the inner product terms ( Vf(x), x, — x*)

Recall the update rule:

. 1 2
X,, = arg min <Vf(xt), U — xt> | o lu — x|
[

uek

The optimality condition gives us:

1
< Vi), Xy — x*) < ; <xt T A X T x*)
t

1

2 2 5
_ ¥ _ ek _ _
o ) ( H A= A H H Ayl T A H H AT At H )
H;



Adagrad Analysis: Non-smooth

We have shown:

2 2 )
% _ - _ " _ _
<Vf(xt)’xt+l xX®) < ( H Xp— X H H X1 — X H H Xt = Xer1 H >
t

But we wanted to bound ( Vf(x), x—x*) ...



Adagrad Analysis: Non-smooth

We have shown:

<Vf(XI),Xt+l_x* = 2%% < H X — X H - H Xppp — X7 H ’ —d X; —Xt+1@

But we wanted to bound ( Vf(x), x—x*) ...

JCin
To address this discrepancy, we write will be,
r; f fre f
< Vf(x,),x, — x*) = < Vi(x,), X, — x*> + < Vix),x. 1 — x> “ s

_ )
Caucl«'a— S‘c\'\war"‘}’. & \lV__&Cxt)\\’\\xt&\-'xe”



Adagrad Analysis: Non-smooth

We have shown:

(V=) <o (= | P = | = |7)
5
But we wanted to bound ( Vf(x), x—x*) ...

To address this discrepancy, we write

< Vf(x),x, — x*> = < Vix), X — x*) + < Vix,), x 1 — xt>

Szim H X, — x* Hz_zint H Xppp — X H2+<Vf(xt)’xt+l_xt>_2im ” Xt = X1 “2



Adagrad Analysis: Non-smooth

We have shown:

(V=) <o (= | P = | = |7)
5
But we wanted to bound ( Vf(x), x—x*) ...

To address this discrepancy, we write

<Vf(xt),xt —x*> = <Vf(xt),xt+1 —x*) + <Vf(x,),x,+1 —xt>
1 1 1
< — H X, — x* H Z_Z_m H X — X* H 2+ <Vf(xt),xt+1 —xt> _2_7% ” X, — X4 ” 2

- 2n,
A 1
By Cauchy-Schwartz and the inequality ab < Eaz + 2—/1192: ()>0)

(V0D 501 =) =5 3= |2 | VAR | [ r =5 =5 [ 5= |
o, 21,

Ny 2
I v ae 1.



Adagrad Analysis: Non-smooth

We have shown:

1

<Vf(xt)9xt_x*> SZL;% H X — X* ” 2_2_;7t

[ = | 45 | v |



Adagrad Analysis: Non-smooth

We have shown:

1

1
R L e P P P

Summing up and collecting terms:

T T
Vix),x, —x*) < X, — x* +— Xy —X* |+ Vf(x,)
§< ) é(zm 21, ) u 21, H\Z J” ; | I

<R ¢ R™




Adagrad Analysis: Non-smooth

We have shown:

1

e P S |

( VA, x, = x*) Szim H X = X H -

Summing up and collecting terms:

T

Y (V- < 3 (o) e P e P 2 | v |
1/t —t=2 27]; 2 ‘ 1 l 2;71L 2 J 2 1

=1 M—1 =1

SRZ SRZ
R2 T N )
<ot > || VA |

=1



Adagrad Analysis: Non-smooth

We have shown:

1 2 N
|+

1 2
(Vfx =) < g = | =5 |

Summing up and collecting terms:

L . L 1 1 . 1 . Tﬂ, 2
X (v =) < X 55 ) Lae g v P+ 25 | wseo]

Hi—1 =1

SRZ §R2
R2 T N )
<ot > || VA |

=1

Note: we crucially relied on our assumption that K has
bounded diameter in order to telescope the sums.



Adagrad Analysis: Non-smooth

We have shown:
2 T

5 v |

Z(Vf(xt) xt—x*>< T z_12

Recall our cloice °,£ sk’: Ne s ¢
P =

1 = —
) \rzjf/\l"&b%) \

C=|




Adagrad Analysis: Non-smooth

We have shown:

Z ( VA(x),x, — x*) <o

4 H; 2
> || VA |

=1

Recall the update rule for the step sizes:

R2
U

! 2
= R\ Z H Vix) H
=1

T

Zm [ Vi ] =R

H Vi(x,) H ’

VL




Adagrad Analysis: Non-smooth

We have shown:
2 T

Z ( VAx), %, —x*) < —

=1 ” =1

Recall the update rule for the step sizes:

R2

! 2
= R\ Z H Vix) H
=1

AT

H; 2
> || VA |

T

Zm [ Vi ] =R

H Vi(x,) H ’

VL

2 <X

<2

Lemma: For any positive numbers a, ...,

arp, we have

\

=

>

1

a4,

d
Proof idea: think of i

as — and recall that

|

ﬂﬁ

X




Adagrad Analysis: Non-smooth

We have shown:

Z ( VA(x),x, — x*) <o

4 H; 2
> || VA |

=1

Recall the update rule for the step sizes:

R2
U

! 2
= R\ Z H Vi) H
=1

L v ]

Z’?t H Vf(x,) H —RZ
L

Using the inequality, we obtain

T
2
<2 Vfx,)
<22 v



Adagrad Analysis: Non-smooth

We have shown:

T
2 ( VAx),x,— x*) < 3R
=1

-
T
)
\



Adagrad Analysis: Non-smooth

We have shown:

T T
N (Vi) x - %) < BR\ | v ||
=1 =1

Finally, we use the bounded gradient assumption:

T
2 <Vf(xt),xt — x*) < 3RGﬁ
=1



Adagrad Analysis: Non-smooth

We have shown:

T T
Z <Vf(xt)9xt_x*> < 3R\ Z ” Vix,) ” ’
=1 =1

Finally, we use the bounded gradient assumption:
T
2 <Vf(xt),xt — x*) < 3RGﬁ
=1

We have thus obtained our convergence guarantee:

1 T
fED) = o) < — Z:, (V) x, = x*)

()



Adagrad Analysis: Smooth

We assume f is [f-smooth:

| Vi) -V || < ||x—y| Vxy



Adagrad Analysis: Smooth

We assume f is [f-smooth:
| Vi) =V || <p || x-y| Vry
Smoothness implies (exercise):

1
) 2 f) + (Vf,y —x) + = || Vi) = Vi@ || © Vay
Z 2 )

—~ 5%
N———————

wnbex.'-l-J ey tro 'éa;,\ ({ro\u sMoO'Hmess)




Adagrad Analysis: Smooth

We assume f is [f-smooth:
| Vi) =V || <p || x-y| Vry

Smoothness implies (exercise):

1
f) 2 f2) + (Vf).y = 2) + | Vio) - Vi@ ||© Vxy
Setting y = x, and x = x*, and using that Vf(x*) = 0:

1 2
Jx) — f(x*) < <Vf(xt)axt_x*>_ﬁ H V() H



Adagrad Analysis: Smooth

We assume f is [f-smooth:
| Vi) =V || <p || x-y| Vry

Smoothness implies (exercise):
1
f) 2 f2) + (Vf).y = 2) + | Vio) - Vi@ ||© Vxy
Setting y = x, and x = x*, and using that Vf(x*) = 0:
| 2
Jx) — f(x*) < <Vf(xt)9xt _x*>_ﬂ H V() H
Thus we have

T
@) — flx®) < Z £x) = fe®)

(i(Vf(xt) xt—x*>——z | vree | )

=1

ﬂ I

ﬂ I



Adagrad Analysis: Smooth

We have:
T

1 1 Z
JGp) = J(x*) < = (Z ( Vf(x,), x, — x* _ﬁtzzl H Vi) H 2>

=1



Adagrad Analysis: Smooth
We have:
T
fEp) = fla®) < % <Zl { VI, xt—x*>——2 | V) | )

We have shown:

T T
Y (V0,3 — ) < 3R\ R
=1 =1




Adagrad Analysis: Smooth
We have:
T
fEp) = fla®) < % (Z { VIGx), %, — x*)——Z | V) | )
=1

We have shown:

T

T
Z <Vf(xt),xt—x*> < 3R\ Z H V£x,) ” 2
=1

=1

The gain offsets the loss: & » -

r'
L T
Z <Vf(-xz) Xt—x*> —_Z H Vi(x,) H g% \Z H Vf(xt)ﬁzzzl H Vf(x) H 2}
\

=1

%’L %rowj "’o‘rl'ﬂ" 'H"-“n t: \’uen‘l'vc\llé] ) ‘aou'f\ \"".“ ?*Ceca( '[°J'J



Adagrad Analysis: Smooth
We have:
T
fEp) = fla®) < % (Z { VIGx), %, — x*>——2 | V) | )
=1

We have shown:

T

T
X (Ve 5 — x*) < 3R\ R
=1

=1

The gain offsets the loss:

T T
' (Vi) — ) ——z | Vi | < \z | Vi ||’ —ziz | Vi ||’
=1 =1
Smax{sz——Z} O(FR )

z>0

(P(.-'L) = Q%—L%L L WNnequ e '('."V\cﬁnr\ Q[ v
q,6 >0 $'( -0 1% .{ andl 4’(4

1_-

u



Adagrad Analysis: Smooth
We have:
T
fEp) = fla®) < % (Z} { VIGx), %, — x*)——Z | V) | )

We have shown:

T

T
> (V)5 — %) < 3R\ > | v ||
=1

=1

The gain offsets the loss:

T T
> (9fins=s) =55 2 | 0| \z | v |” =552 | e |
=1 =1

=1
< SR
max —_—
=T 12 Z,BZ

= O (pR?)



Adagrad Analysis: Smooth

We have:
T
f(@)—f(x*)ﬁ%(ZWf(x» X, — X ——Z | VAo | >

=1
We have shown:

T T
X (Ve 5 — x*) < 3R\ R
=1 =1

The gain offsets the loss:

T
2 (Vf). x5 —x* ——Z | Vi || ” < 0 (sr?)
=1

Thus we have our final convergence guarantee:

2
) () < O (%)



Adagrad for Constrained Optimization

min f(x)

unconstrained: Vf(x*) =0
xeK constrained: Vf(x*) # 0

Intuition: as we approach x*, the gradient does not

decrease but the iterate movement ||x,, ; — x,|| does

Adagrad+ algorithm:

uek

o (1+ 2)
—_- — X — X
ﬂtz_l_l ﬂtz H 1+1 4 H

. 1 2
X,, | = arg min <Vf(xt),u —xt> +2— | u—x |

H;

j




Adagrad for Constrained Optimization

min f(x)

xekK

unconstrained: Vf(x*) =0
constrained: Vf(x*) # 0

Intuition: as we approach x*, the gradient does not
decrease but the iterate movement ||x,, ; — x,|| does

Adagrad+ algorithm:

. 1 2
X,,| = arg min <Vf(xt),u —xt> +Z | u—x |
4

uek

! | X = || °
- |1+
N1 M7 R

Goad o0 scale Lie \..Pclq4e.s o that dle reps c‘xange ‘oa o
wol & onptant ,?qc}{"‘l‘




Adagrad for Constrained Optimization

min f(x) unconstrained: Vf(x*) =0
ver constrained: Vf(x*) # (0

Intuition: as we approach x*, the gradient does not

decrease but the iterate movement ||x,, ; — x,|| does

Adagrad+ algorithm:

1
X4 _argmln{<Vf(xt) u—xt>+— H U—2x H }

uek

11 | X1 =% ||
=— |1+
N N7 R

R

_od
\/Rzl_l_ztll H z+1_xH k=R

Hy =

\
(R
=t "

“ X ”(e\\(l”

\lV—H%;)i[_



Adagrad+ for Constrained Optimization

AutoML
- o

It automatically adapts to problem structure

-

)]

non-smooth
IVIOI <G

nearly-optimal
(up to logs)

T—(’)1
T\ e?

[E., Nguyen, Vladu 2020]

A\

smooth

V) = VDI < Bllx =yl

non-accelerated
smooth rate

o(2)

[E., Nguyen, Vladu 2020]



Machine Learning Applications

L L5

ImageNet Classification

mite container ship motor scooter leopard

L] mite container ship motor scooter ledpard
[ | black widow lifeboat go-kart jaguar
i cockroach amphibian moped cheetah
i tick fireboat bumper car snow leopard
I

starfish drilling platform golfcart Egyptian cat
- —

Y

grille mushroom herry

. N . |
Madagascar cat

convertible agaric dalmatian squ_lirel monkey

grille mushroom grape spider monkey

pickup jelly fungus elderberry titi

beach wagon gill fungus |ffordshire bullterrier indri

fire engine || dead-man’'s-fingers currant howler monkey

AlphaGo
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Cancer Classification

0.25
—— Logistic regression separating boundary
X Benign
0.20 - +
+ Mal t
alignan i Lt o+
Yy
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0.05
0.00 Y DOV
0 500 1000 1500 2000 2500 3000

Power Demand Regression

X  Observed days
—— Squared loss fit

Peak Demand (GW)

1.0
0 20 40 60 80 100
High Temperature (F)

Image credits: Zico Kolter
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Adagrad Family

Adagrad (Adaptive Gradient)
[Duchi et al., McMahan and Streeter, 2010]

Adadelta [Zeiler, 2012]

RMSProp [Hinton, 2014]

Adam (Adaptive Moment Estimation)
[Kingma and Ba, 2015]

AdaMax [Kingma and Ba, 2015}

Nadam (Nesterov-accelerated Adaptive Moment Estimation)
[Dozat, 2016]



Adagrad Family

~ Adagrad (Adaptive Gradient)

7067 citati
[Duchi et al., McMahan and Streeter, 2010] cltations

~ Adadelta [Zeiler, 2012]

" RMSProp [Hinton, 2014]

* Adam (Adaptive Moment Estimation)

[Kingma and Ba, 2015] 23803 citations

~ AdaMax [Kingma and Ba, 2015]

* Nadam (Nesterov-accelerated Adaptive Moment Estimation)
[Dozat, 2016]



