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Lecture 3: Gradient Descent
Alejandro Cassis




K" is conex e ¥xge K ¥depad

’ (1~ x+ 4y e K

o

F:K——PI[\ 1S (onveX I *]‘X/JGK ’VLMD’/']

\d I
X

¢ fis dipperendiable: p(xt d(gma) £ =) fo0 b apey

N flxid(s-x) = P o Pry) - pex)
o

s d2 0. VR 0-x) & Fy)- p

USQFU\Y\Qﬁﬁi Q&Jf x* = akgmin L) P\Uj E|'.:><i :
O £ fOA= PO & VP (') = =V FE' (K-

¥ Ney. Bt'bt)ifn{ (3
posifivly coprelited widh diveclion o x*

x< \¥K/_] progeess (s lowrbw-\c}(() bj [‘(x)~foe\



sinee  movirg in he neyalive spadien

H\e Fo\\owiﬂj a\joﬂl\\nw\t (/‘\SS\)W\E K‘Jl[\“)

‘{{ Ka € K [){ I ini%é\ Pu'\v\-\

For g=a Ao T-40 € [N
| Moo= K= Tho) R el

To amlyze: o I x =% | as pAeMia\

X

v chanae of pmle.,,lial :

y Yo - NI
i |\¢k|llv |\¢k~bl\L: 2 a¥b ~ bl
L

ere eem

s l X{ - X “L" " X*" xw\“l: L (_X.*‘ XS)T (‘ | F(Xs» - “VP()(&)HL
1L l

& VRO (X)) = IS sl - =Kol g {( feo”
2 L

Theorem: i “Vfﬁx\“ﬁl_ Y xe K = then

LTZXS CRES M +onL°
1 i 1 i 9 T T Rl
F <F ?Ksj - f(x’*\ ¢ ?;FCM”F(X*) S? ;WFLKQ (%)

———

'LVLT 2- \[:I

T LS
¢ xex] oy L



Theorim- i HVFCX\\\EL Y e K ) Hhen

f(—fyéxsj~ Fix) & Ixe Xy
' 2 3
L
Ro= [ %, = x*] “radivs’

oQ\“m\iZL rL: E&\"_‘:F‘ :Dy E(%%.‘XS\~[\W\ ¢ __\]/-:\»;

-]

(QO!’OHB Py - Can |:in3 X ot fLx)- feay & ¢
: - N\ {ions
1) | = O(./c&‘\ | Teratio )

Nemar Ks:
~ “ VF(’Q“ £ L, 'S cqoivslu{ lo F l?Cfnj L" L(.pSll\;{?.
| | ' e, Y¥xyeK
Q 3 - H . “'L 19 L~ \‘)Sc\n(h lF(K\~ f(9|\ L L“X-j“

= For Somd lpp\ica’riov\s R,L are Known,
Reu\ Conuetgenc NHC 0S /'/\/_:l:r

—_—

l’\il PJ'JC IS oPJI;YYIBI N [)’b([( box W\or)e(
[, o Ixllg

I

— \/\]()Vks Fct’ non- JI\ZF. Fm~ €.9.



‘\(\”\8\“ s K o wot I[\"?

K = PI’O_‘]K L )

\uherc PI’O]K(j) = Hﬂjmir\ ”X‘i‘»“
x € K

\\

N
A

XS - YLV f\(xi)

Same i
ame analysis  qus Fheoghl  Recal {ha1 Pﬂmha\
W a3 ” X*—' Xs“L,
ChCCK'- ” X*"' X,(m “LE'. II X*" ﬂsm\ll

e poyec '
{U PX*J'Ccl od On\j bPanj VS C'DSU’
( on ‘j wol t\g Fcr’ CondeX K ! ! | )



Fois prsmooth ip it gradiad is p- Lipaide
e, ¥xyeK IlVfCX\~Vf(a)llé$||x~3\\

“F fis Twice Jiﬁcuemliable: B-smaofh s
equivalad do VPm4ApT  ¥xek
2. Amx (V’T(x\} 5_P~

.SYY\OO-H\V\@Sj S USQFU\ ',0 OHBM UPP@V{MUMJS:

{:ﬁemme‘- J‘I‘X;j : f(h\ L [:cx\ + Vfcx)T(rK) +:E£ llball? :

proof op Lam: By Taglav's thm 3 z=(-dx+dy (f

= x4 VP 050 4 2 (y-x) Vzm (y-)
L £ y-x)t
>




HO\U l’o cXp\O'\JV ‘SmoD{hNSS?.
Mi”i"ﬂ{ﬂ 'Ihﬁ U')P(J’ba‘mal “' Z(sv\

Xs

. T B e
Xsn = BVJQ\'\‘{F(XS\ + Vf(xﬁ (z-X¢) *ﬁl'zﬂg
g(®:=

Vyys VfK) + B(z-%5) =0
Z = X -\-“E-VFLXQ
= vphale wle: X, = X, -j.vfcxs)
whal gregress do we ms el
[SMOOH\V\DJ Lemmas PUXswa) = fOKs) ¢ "‘5; l\Vchn\\L]
Proog by simoodhness:
f(z\ L f(x,\ ¥ Vf(xs)T(Z-sz t 435 I|E~’<sl\b
plugging = X = X5 = £V frx)

:> f(Xsm) - f(XS) £ - :%‘ I VI\(KS\HL'F zip- || V) l\tu



LSJWOY\5> Con\lex'ﬁ\ﬁt

Recall H’HJ[ "-‘ conve X 3i\lc8 U loWn’bOuan:
¥xg o fG) B foo b T (9-x)

F 1§ ol-conveX f P(8) 7 f(XHVfcx\"(J-XS+-°£‘-.1|)<~3l\L

Similar s SmosThngss Fo¥ fwice dige ' we have
the] fhis g eaviua‘tni to VLFC)\\}-a,I ¥ «

- Sj(yanj\ con Ve X l_-w\d(ons hl"'e \JV\\{{\IQ mihtmzels

N

mw ConveX C onveX

78~5moojr|nness + o~ ConveX = ﬁ_[_\)a()rajﬁc uppcﬂ am) Qow/’
bO\MJS

*{'x,j LR T e (y-x) +§ux-g|ﬁ
L F(J) t



f 1S ol-conveX (f f(8)? f(xwVfcxfu-x\+§ux~3lf

n
ol - convex Jemma: Wxelk
T
1
POx) = Poxr) & 21T fexy)
DEaof by o-comexs fO) T PO+ VRRIE-R + Lo
7 f(x\ t mj\n%Vf(X\T\ +°—§“m\\‘§

monmiLer {3 Y = -le{‘(,()
- -1 L5
= flx) = IV fexl] N



[SVnOcJ“W\C)J Lemma: ('\U(s{a) = f(:)(s) 5 = —sz I\Vfcxs)\\?:]

Lo(-—wmlex ﬁzmma: f(x\ ~ f‘c:o‘\ L ;7 | v [‘(x\{\"l
Xsq = Kg - ij'vf(’(ﬂ

F<X“" foa) & fUXs) = o) ~ — (VFLKSS\\L

¢ o) po) - L[ fos) x|
: (1-4¢) [ch f‘cx*\]

e (1-%) U‘(x\ poch |

L exp (=55 {(“CX«\ f‘CX‘\]

-
Theor’cmz Le“} F be o - conVex am) 7B-SW\ODHI. N

Th“‘/ T 5411[35 o 6.0, dep site :?g‘ alisey
F(Xe)- f) ¢ exp (-5°T) [f(&c.)-f(x‘)L

L :é ﬂ f{)\q\~(‘«> | s
_ oy | — o Je ‘k-clos(
% o, ( 3

I£ : comdition huw\bey




-
Thechmz LeJI f‘ be o~ convex &m) 7[;’-_srv\oa{h.
Th(t’\, T S'Icps of 6.D. wl s*ep Site “\2{ Sd]SFj

f(Xp)- fCR) € exp (-% [f(xq)—F(x')]J

_

RemarKs:

- S&W\e l"eﬁuH ho‘JS Fa}/ pt“fgec{et) 6.0.
HV\U[&S\‘) (S Qll.\)‘ mo e invo\d@é sae [Bob?(‘( 3.11

= PVOjNeSS (S VY\@&.SUM) wr‘{’ FCXQ _,ch*\‘
US”lj ﬁ-Smocﬂ’lmm ’ P(Xm I f\(x“) L *ﬁe’(P (‘%-T) I )(q-x"‘\\

T

— ImPor'thf app\ic&{iw\: go\uig Ax=b
w hen CIAAART €.q. Lap[um\ L
s axTAx ~ «* b
Vpcx) = AX =b

. uniqve min e miet S.L{(’s(.’its VP = Axt=b=o

More i R&SW\UB‘ lec]wo!



\/\)Q caw  thad f dIiVFCKXﬁ~BI ani

£ s “small then 6.0 converyes exPov)eH{allj.

o

— 50‘)\)0& fha inmle&t) of  H A V"(.\(_;q 4 \ﬁH
Fol" Lome P.J, H .
infuition: F is well condifion in dif[:”‘"i baiis

Consider g% = f(.MQ where M s p-d.
V. gex)y = M VF(Mx)
Mgy = MTYTpCMK) M

..1IL

T L TP |
— Seﬂin_c\ [‘/\:: H : Vjcx):H V fLH ><HlL

A HA VP38t
/:{:;‘r}w FABE 0 (’—"“7 o L ﬁ H—wl QLF([‘(WK\ Hﬂu'_(. '-PI

g e

1.¢. 9 15 o-Convex and $—5mdaih\‘



Gradiend Descenl on 9 K = Xg = %B’H-;'Vf(u'mm

=y =y ~1 TN
Y"7 H XSM = H;() "i— H VFCH XsB
S 35

Yo Yoy S 8 F VPG

-\

Xsa= s~ (Tpersy) VECx)

| L Pvcconc\ﬁion'\g m'lﬂ the Hessizn o xs\.

()H?’i‘S on Ne wions Me“w)

[ﬁae Vishnoi's Cha(ﬁe}’ 9 Foﬂ (morh ) mm}



\l\”\&{ E[: (—‘is O-—wnue@ e, on\J #-smw{h.

RCJOCJ“OV\ 10 51POY\Jb ConveX (IR :

n

Fix Xqé‘\ &h) depine

t la ¥ { v
gx) = FCX\-F M Nﬁj\l 1 o110

cheek: g 1S o - conlex nd (d*«B\*va\oo"\\V\

« Can F{n) x st 3Lx)—j(x‘) é%
LN O( KOJ( \\ '\J(tt‘a*iav«g
Ke'\’ x* = dvgmn ), >'Z = MJ:\(\}(\ 3K
fCX) - [(<") = 9(x) - 30(*3 t d (ux “Xal| = \(K’ux,“‘)
SR R
A= %}‘\7‘

.'. Cin F'\“\\) - op m p’f (n O <—B K (LK/LE@})



Summary:
Umm f’j R&+€ :H: : '}C}’_g
- Lipschn‘z LT L‘&L/%’*
ﬁ-5moo+h ‘ﬁ(\xlT ‘ﬁw[i
of = Coniex 'l'\F-Smoo'lh KLCXP - Z) R on (R/Q
(k- &)

— \favioos pwamdw: \F,L,R, AJQQJ(NL G.0: o blain OP-]Em'l
valey wlo  Hwewi®
{wore.

Sec A\\ n's

Ll ¢ \vkes \

“f\a,{e_ Fur’ L*’ LiPScM% (S Op%imal»
SeQ LB\J[)CCK 35] Fov Qoulerbovnc).

r“8~,§moo{h Cin be imprvdeJ to ﬂi’

2z

=
Lov cx t B-smeoth to R e xp L" T/\ﬁ:\

viv  “acceleration . See Abms L.2.
20 Vighmeits h ¢



