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Lecture 3: Gradient Descent
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Gradient Descent



Convexity : KEIR
"

is convex if V-xiyc-KV-dc.com]
K ( 1-d) ✗ tiny c- K

;
• ;

f : K→ IN is convex if V-xryc-KV-xc.com]
f- (G-d) ✗ 1- ✗g) I a-d) fat td.MY )

;
•

•

y

if f. is differentiable : flirt ✗ ( y - ✗1) c- G- d) faithful
⇒ flxtdly-yl-fcxl-ef.ly/-fcx)
¥

as ✗ → 0 : ☐ fcxltly - x) I fly / - fix)

usefulness : let ✗* = argmin fun . Plug y :=×* :

×

0 E f CH - fCx* ) c- ☐ fcxicx- ✗* I = - ☐ fail - x)
-
optimality gap → neg . gradient is

positively correlated with direction to ✗
*

-0¥;
✗

•*• ✗
*

↳ progress is lower bounded by fin - fin



Gttaketi since moving in the negative gradient

direction brings us closer to x*
, this suggests

the following algorithm : (Assume K=M
"

)
let Xnek be an initial point

MEIRfor sin to T - L :

learning isle/ Xsm : -- ✗ s
- RPfc×s ) or step size .

To analyze : use 11 ✗
*
- Xslt as potential

•

✗ s

change of potential :
a Ibis - notch

yayz-ya.by'=2a -11611£
•
↳ a

-
b

pos.com error
term

✗
* b= - no fast progress

•

•

• I / ✗* - Xsli - 11 ✗*- ✗smh'=z(✗ *- Xsltfyifcxs)) - y
'

Itvfcxslll
'

⇐ ☐ fcxstcxs-M-kxt-xsli.LI#-Xsnli-tEll0fcxslli
Theorem : if 110m11 :L txek

,
then

( r.fi?Exs)-fcx*li-1lEf*1i-tnz#
T

f (f- É✗s ) - fcx* ) c- F-{ fast - fc×* ) c- f- [ TfC✗s)T(xs-x* )
5--7 s=n 5--1

± "×¥i+¥
☐



Theorem : if 110m11 :L txek
,
then

[r.fi?Exs)-fcx*le11IjI*1i-tnz#R:--l/Xn-X*lI
"

" radius
"

optimize f- Epp =p f- (÷É×s) - -1*11 Rtg
5-7

(
0101 / any : Can find ✗ st fcxl - fan :{ )in T=O(Ñ÷) iterations

Remarks :

- 11 Pfahl EL is equivalent to f being L- Lipschitz
i.e. * Xry c- K

e.g://.kz is 2- Lipschitz
/ fat - fast / t.LI/X-yH

- For some applications R
,
L are known

.

Redd convergence rate as 1 / if

- This rate is optimal in black box model

- Works for non- diff . fns . e.g. 11×11 , or 11×110



What if K is not M
"

?

Projected Gradient Descent :

✗
sn
:= Prog
,
(Xs - tyvfcxsl)

where Pro]
,
( y ) = angmin 11×-911

✗ ek

11
✗see •

Xs

,
,

:*

*
"

×,
- yo fast

same analysis goes through ! Recall that potential
was 11 ✗* - xsll!
Yst , : = ✗

s
- 40hrs1

✗sin := Prog
, Cy ,, ,)

che - k://H-Xs.nl/
'

c- 11 ✗*- y , ,.li
i. e : projection only brings us closer

to ✗
*
.

( only works for convex K ! ! ! )



Smoothness :

f is f- smooth if its gradient is f- Lipschitz .

i. e.

V-xrytkllvfcxl-vfcsllltfllx-yllij.fi
s twice differentiable : f-smooth is

equivalent to ÑfCH¥p -I V- ✗ c- K

i.e. ✗ max (04-1×1) tf .

smoothness is useful to obtain upper bounds :

[lemma :# ✗ ry : f- ( y ) I fcxltpfcxicy-Ht.PE 11×-111
'] -

•

✗

proof of lem : By Taylor 's thm 7 z= G-dlxtdy st

fly / = fcxltvfcxltly
-H 1- 1- ly - ×)Ñf( E) (y - ×)
-
I ¥119 - ✗ 112

☐



How to exploit smoothness ?
Minimize the

upper bound ! •

; •

✗sin

÷

✗ sin i-aryminffcxsltvfcxsicz-xslt-z~Z-sfz.gl
-2) : =

Pglz) = Pfos ) 1- plz - ✗ s) = 0

2- = ✗ s
- f- ☐ fcxs)

⇒ update rule : ✗
s+ ,

= Xs - f- ☐ fast

what progress do we make!

[smoothness lemma : flxstn) - fast E- ¥11T fcxslllif
proof : by smoothness :

f- ( Z ) I fcxs ) t Pfcxsjtlz -Xslt £11 2- - Xslt

plugging 2- i= ✗sn = Xs - IT fast

⇒ f- ( ✗snl - fast E- f- 110 fast 114%110 fast IT
☐



ÉEy :

Recall that f convex gives us lower bounds :
× , y f- (g) 7 fcx) tvfrytly -H

f is d- convex if fly ) 7 fcxltvfcxltly - ✗It Eux -gli

similar as smoothness
, for twice diff f 's we have[ that this is equivalent to P' fcxltx .I

- strongly convex functions have unique minimizes

strongly convex convex

f- Smoothness 1- d- convex E quadratic upper and lower

bounds

V-xryifcxltvfcxicy-HI-E.lk/-yli
I f- 191 I

f- (Ht V flatly - ✗It 1211 ✗ - yip
•



f is d- convex if fly)7

fcxltvfcxily-xltd-nx-yli.fr- convex lemma : V-xc.IR
"

f- 1×1 - fi#11%110-11×111)
proof . by ✗ - convex : fix

-* 17 f-CHTTFCHÉ -4+1-11 -Hi

7 fcxltmindofcxiu + EMIT}
a

minimizer is e- - 2- Pfa )
= fat - ¥11T fcxlll

"

☐



[smoothness lemma : flxstn) - fast E- ¥11T fcxslllif
4- convex lemma : fix ) - fc×*l I ¥11T fcxtll

"]

Analyzing gradient descent : Xs , , := Xs - f- ☐ fast

f- ( ✗ sin ) - fi It fits)
- fl #I - ¥11T fussy

'

I fast - fC×*) - g- [ fcxsl-f.cm]
= G- F) [ fast - fam]
E G- 5)

'

[ fans - farm]
c- exp C- I. s ) [fan - pain]

Theorem : Let f be d- convex and f- smooth .

{Then , T steps of G. D. w/ step size I satisfy

f- ( Xin - fl# It exp C- I
.tl/fcxi-fcx*N

⇒ f- log (""Y) to get g- close

w

k : condition number



Theorem : Let f be d- convex and f- smooth .

hen
,
T steps of G. D. w/ step size f- satisfy

f- ( Xin) - f-(✗* It exp C- I .tl/fcxi-fcx*N
Remarks :

- Same result holds for projected 6. D.

analysis is a bit more involved see [Bobeck 3.2]

- Progress is measured wnt foxy - fcx*l .

Using B- smoothness : faint
- fcx*I If expl-I.tl/1x,-x*Y

'

- Important application : solving A×=b

when ✗ IIA III e.g . Laplacian L

f-Chi EXTAX - xtb

☐ fcxli Ax -6

i. unique minimizer satisfies Pfc# 1=-1×-1×-6--0

More in Rasmus ' lectures !



Excursion : Preconditioning
We saw that if aIIPÑnIPI and

f- is " small " then G. D. converges exponentially .

→ Suppose that instead a. HIV'fcnIfH
For some p.d.lt .

intuition : f- is well condition in a different basis.

Consider gcx) : -- f- (Mx) where M is p.d.
☐ gcx ) = Mt Pfcmxl
Y' gcx) = Mtv 'f(Mx) M

→ setting M := H
""

: P'gcx , = IT
"

'T 'f(H_
"

E) It
""

i. ✗ HI Ñf( It"x1Ip - It

recall

a :O Nano % d. I I
"

If -I
tBt1Rmh

= Ñg(x)

i. e. g is d- convex and f- smooth !



Gradient Descent on g : ✗ s+ ,
= ✗ s

- f- H÷Vf( A-
"

✗ s)

→ A-
"

Isn = A-
"

✗
s
- 1H

"

PFCH
"

"×s)
Y ' Y

•% 1st,
= Is - f- It"Vf( ys )

Newton 's Method : ✗ sn=Xs - (Pichi)"VfC✗s)
i. e : preconditioning using the Hessian at xs !

See Vishnoi 's Chapter 9 for ( much ) more](details on Newton 's Method



G. D. for smooth functions .

What if f- is o - convex ! i. e. only f- smooth .

Reduction to strongly convex case :

Fix ✗ a C- IN
"

and define

91×1 :=fCHtqy×,-×yg]w
regularization

check : g is d- convex and (dtp ) - smooth

i. can find ✗ sat
. gcxl - gcx* ) I {

in 01 log (t)) iterations

let ✗
*
= angry in fin , I = angry in gut

f- ( X ) - HH ) = g(✗ I - g(x* ) + E (Hx -xnli - 11*-411 ' )
I { 1- ER

'

2- 24
i
a- Elk

•

•

•
can find g- optimal pt in 0 (Egri . log (f""¥))



[R=1lX* - ✗all]

Summary :
Rate # item

L - Lipschitz LMF L' RYE
'

pñlt PRYE
f- smooth

Ñe×pf÷) klog( %)
d- convex 1- f-smooth

( K -- E)

- Various parameters : f. L , R . Adaptive G.D: obtain optimal
rates w/o knowing

tuner

see Alina's

- Rate for 1- Lipschitz is optimal . lectures !

See [Bubeck 3.5] for lower bound .

f- smooth can be improved toffs
d- cvxt f- smooth to R' exp C- Tht)i
* vid " acceleration "

. See Alina 's 1.2 .

also Vishnu i 's ch 8


