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OPTIMIZATION : One solution to all your problems ?

Solution domain D E IRD

cost function f- : D → IR

min flx )
IED



OPTIMIZATION : One solution to all your problems ?

Solution domain D E IRD

cost function f : D → IR

min flx )
IED

IDEA:- START with initial solution x→

SOMEHOW IMPROVE IT ? ? !
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• Gradient of f exists
and is not changing too quickly

• Taylor series gives good approximation
f- ( ±*E) = ffx ) + f

'

(a) . 8 c- f
"

(x) . § + 0 (8)
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• Gradient of f exists

and is not changing too quickly

• Taylor series gives good approximation
f( ±*E) = HH * 4. 8- lil }¥¥*¥¥±iis

.

• Suggests 8- lil = - H¥¥ , . E good for small E ?



GRADtENTDESCEN-mnnflx.ttE) = HH * { 8- lil }¥¥¥§, Elita;) 5TH +01¥
.0×-1%-2×157

• Suggests 8- lil = - H¥¥ , - E good for small E ?

If 1*1
• IfA- I =

H ):%¥÷,
• ✗be ,

= In- ERMIN /

• flx.nu/=fCx-nl-E/lRflIn1/I for small E



¥"*µj;E?÷÷÷?°°"+•-ñmiow*armTmtn_ya¥-⇐-f¥_-_=⇒=→⇒⇒⇒*¥y= y fcH=4

÷÷÷÷¥÷¥÷i÷÷÷÷% t¥EE¥E÷ .
¥É€¥⇐¥



WHA-tmn-KEE-HEY-NIA-1.ffiftcx.gli fcxl = 4

"

¥⇐÷_iE-¥É⇒÷⇒⇒¥!""

⇐÷÷¥¥÷÷¥÷÷÷¥% ¥¥¥¥É÷¥ÉÉ÷¥i¥÷'÷ .
X

Io
• Elongated shape → zigzagging → slow
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WHAT MAKES SMOOTH OPTIMIZATION HARD ?

IwTtATiÑÉAÉ
.

fcxl = 4

→ Use the Hessian ? '

÷ .

Newton step
to

f( ±*E) = HH * § 8- lil }¥¥l + §, Elita;) 5th +04¥
0×1%151

= f- (E) + Of felts + If I feel § + 0018114

Minimise wrt. 8- ?T.EE



WHAT MAKES SMOOTH OPTCMIZATION HARD 7
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•

fcxl = 4

→ Use the Hessian ? ¥⇐¥¥É÷¥ÉÉEÉ¥¥¥ .If 1×-1 § = - PfcE) E-
to

→ 5.* by solving a linear equation



WHAT MAKES SMOOTH OPTIMIZATION HARD ?

ÑtATTAÉAÉ
.

→ Use the Hessian ? ÷÷¥¥÷-¥¥É÷¥÷÷:÷÷:[ floe / § = - Pfee )
Xo

→ 5.* by solving a linear equation

→ Solve w
. Gaussian elimination

"
DIRECTMETHODS

"



WHAT MAKES SMOOTH OPTIMIZATION HARD ?

owltn-TCANWEDOABOUTI-2.TT
→ Use the Hessian ?

Eiffel 8-
*

=
- Tf(E)

→ 5.* by solving a linear equation
yn yn
** R"

☒¥|⇐-÷¥÷←÷÷ÉÉÉÉ⇒E¥÷ . →
¥5 Eo
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• Gradient charging suddenly
^
flx) --1×1

^

d¥= sign (x )¥E¥
X
-

• little information from gradient, esp. in high dim .

E.g. f- (E) = mat ☒i)
i

Ifc±) usually non - zero oily in 2 coordinate.
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Elongation is still a problem Ces for smooth case)
ya Ya

f- \= .

¥"
" = .

⇐
¥€→⇐
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• Standard approach # 1 : SMOOTHING

moxlx ,y ) sottmoxlxiy ) = log/e×+eY)

→
✗ Try ¥ Ty
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• How can we fix it ?

• Standard approach # 1 : SMOOTHING

• Smoothness/error trade-off gives low accuracy

d(⇒ steps for e error in blue
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• Standard approach # 2 : H0M0_OP
= weaker smoothing + transform the problem

•

Éf 1×1=0 ' 1-[ ✗ 213 [F-
×

I



ÉÉIÉHA ?

• Standard approach # 2 : H0M0_0P
= weaker smoothing + transform the problem

n É

:÷:÷¥→
.

= • by
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• Plan : to solve

'
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• Plan : to solve

×
, yI÷÷-E÷÷T÷¥f}÷.

EAE.IE#E
.
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¥¥**¥*¥!¥I
* IF XI . . .IE→☒ (true optimum)
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• How do we find each
new point x¥ ?

• LOCAL quadratic approximation

f- (#+ f) = f ( E:) + If (x¥ • § + { £07k:) §

n t

¥±¥¥¥*¥¥É
* ¥
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• How do we find each
new point x¥ ?

• LOCAL quadratic approximation
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• How do we find each
new point x¥ ?

• LOCAL quadratic approximation

f- (¥+1 ) = f ( E:) + If (x¥ • § + { 8- ☐71¥) §

n t

¥¥¥¥¥*¥¥É
* ¥
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• How do we find each
new point x¥ ?

• LOCAL quadratic approximation

f- ( + f) = f ( E:) + If#-) • § + { 8- ☐ FC±:) E

n t
bigT_÷÷¥¥¥¥¥*¥¥É
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• How do we find each
new point x¥ ?

• LOCAL quadratic approximation

f- (#+ f) = f- ( E:) + If (x¥ • § + { 8- ☐¥:) §

n i
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• How do we find each
new point x¥ ?

• LOCAL quadratic approximation

f- (x f) = f- ( E:) + If (x¥ • § + { 8- ☐¥:) E

n t

•ff÷%•a•¥¥¥÷⇒¥¥É ✗¥-ÉALL
GAP* ¥



?

• How do we find each
new point x¥ ?

• LOCAL quadratic approximation

f- (x f) = f- ( ±:) + If (x¥ • § + { 8- ☐FE:) E

n i
c-* RATIO%☒÷÷:÷
.

¥¥÷*±¥¥É =↳m⇐w
✗

* ¥



•÷÷¥÷÷÷Es ?

• LOCAL quadratic approximation
+ * Ratio

4×-0*-1 =fC±:) + If .ae#.g+zqpza.*g
×!⇐

→
SMALL

GAP

• Find § ? Solve a linear equation
• IT = ☒¥+8

,
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• LOCAL quadratic approximation

1%-0*-1=1*1 + Etc.# • § + ↳ %
,±µ+☒÷÷É÷÷;;÷÷✗

• Find £ ? Solve a linear equation
• IT = ☒¥ + 8-

"¥⇐¥¥¥*÷¥¥¥¥É÷¥i⇒*
*a.m

• Need t-V-MEN.int to get ✗ I = ☒
*
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• Need = VDTMENSIOWT linear eq . solves to get *
→ Renegar

'

86 : linear programs

→ Nesterov & Nemirovski
'

94

Almost anything connex

"

compile to hard constraints
"

→
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ffx ) = 1×1 us f. (✗1=1×1
"
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ffx ) = 1×1 us f. (✗1=1×1
"

Nesterov & Nemirorski
'94 : 81×-1--11 Ax

.

- b- 11pA
MI
Kps •
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ffx ) = 1×1 us f. (✗1 = 1×1
" '

Nesterov & Nemirorski
'94 : f 1×-1--11 Ax

.

- b- Hpd
'Ii

in =✓Ñ linear equations using homotopy .



INZRM-t-VEREFINEMENT.IT
we can solve A-☒ = b- approximately,

then we can solve it to high accuracy :

b- , ⇐ b- - Axo , solve A ±
'

__b±
b-
,

= b- - A(I. + E.)
:

• Converges to E error extremely quickly :

log/E) iterations



IKRA-iVEREFINEMENT.V.eu
as a quadratic function

flx.lt/Ax-b.H?--flx-o)-PHx-.)Tx--to)+tfe-Io1ItE-g1A-IoI
DESPITE

µ ERROR
,

compare w.
upper bowel¥¥¥¥¥ÉÉÉ am

lower board



IKRA-iVEREFINEMEN-flx.lt/Ax-
b.lt?--flx-o)-PHx-eo)Tx--to)+tfe-Io1PYa--.1A-IoIflx-1----//At--b/1pP--f( e.) + PH±•)Y± -%) +He -±dÑH±•K± -11

-1 o or a

¥n :

→¥☐%%7[± -±. ;-]

Min HAE - b- APP → min Hy%P
E

cy=Q
-



601L Yy, ,
" ziti

" IVPP = { lyli )P

Update y
,

? Yo → yo -18,

Cy, __ d- ,

C(g.
+ E) =D

,

c&=e



casep-2-minlly.li
Cg:&

→ thin 11 goes. Hi
C&=Q

Ily . + 8- Hi = Ily
, Hi + 2 y.is. + 11£15
-
if we can do apx oui
w.tt

. 8- w . (8- = I
,

then we recover

constant fraction of

PROGRE.SI



slNGI-EGORD-fg.es)
"

= gie %s•Imap×
( yo c- 8)

P
= got + pyF 'S + fp, / yop -28

'

+
. . .
+ SP

→÷
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(1+8)

'
= + 1%18

'

+ (B) 83.x ... . + SP
Tong range

approximation
TEE
curvature behavior
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+

Igg range
approximation

TEE
curvature behavior
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__÷÷ÉI!÷÷Y:/

⇐
" •

+

signage
curvature behavior

( its )P

¥É¥¥¥¥ÉÉÉ→F==IIi+
GLOBAL APPROXIMATION!
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µ
Has " F¥☒ÉÉ¥÷¥÷fr

→
SMALL

GAP¥¥¥÷É¥±E%*.←--

GLOBAL APPROXIMATION! • LOCAL quadratic approximation



IKRM-t-VEREFINEMENTH-s.TTGLOBAL APPROXIMATION
What does this buy us ?

→ If we can do APPROXIMATE Min at

LINEAR .IT#iTn-Ti-Tpowr=rp
then we can solve ✗Ax -blip to high accuracy!

in 0( Vlog/Iz ) ) iterations !

[Adil kyng Sachdeva Peng SODA 2019]



INZRA-iVEREFINEMENTN.se
ED APPROXIMATE Min off

LINEAR # QUADRATIC + POWER P

→ NEW MULTIPLICATIVE WEIGHT METHOD
- WIDTH REDUCTION !

I ACCELERATION

→ Solve in M
"" linear equation solves

11A ✗ - BUPP md
→ MWV width reduction based on

Christiano - Kelner - Madry - Spielman -Teng
'

II
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LINEAR * QUADRATIC + POWER P

→ Solve in M
"" linear equation solves
A ✗ - blip

' m 43

Cfp )

p
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LINEAR * QUADRATIC + POWER P

→ Solve in M
"" linear equation solves
tax - BUY md V3

an -_

",¥÷,

p

8D1MEWsiaN- instead of ✓NMENsrow= ?!

AKPS
'

19 again



ACC-t-LERNTON.mn
8D1MEWsiaN- instead of ✓Dimension ?!

AKPS
'

19 again

Important prior work : Christiano et al. STOC '

II

Bubeck et al. STOC '18



ACC-t-LERATIONM-x-blf.ttmd V3

dn=t¥÷,

p
What is going on here ?



ACC-t-LERNTIONN-x-bkptmfy.nl/3
• Bullins 1111

, regression
via higher order acceleration

p
p



ACC-t-LERNTIONN-x-bllptmfy.nl/3
'heuristic tower

bound

;÷-÷-nice higher
order acceleration

Butlins / Arjeroni
et al 2018

I r
p



ACC-t-LERATON.me • %Renegar_
'

86

Ax - BUT m 43 •
"3 heuristic

1 lower board

B.EE
-

-

,
'heuristic tower

bound

nice higher
order acceleration 1 for linear

programing
Butlins / Arjeronietal

2018 1

,µ I Spielman
1 MadryIp i

p pics



ACCELERAT1ÉW_
The Christiano et al . scheme p.mg?..gllt-Ho#

• 11th min for ✗ flls min ?

• Use multiplication weight method

• Eachiteration :

1) Ee Pel feel 2- (+ e) 11 f%

2) 11ft, c- p

• Repeat pg.
times for e error



ACCELERATINGChristiano et al . scheme Min 11£16

• 11th min for 11 fu, me ?
Bt_=&[§

• Use multiplicative weight method

✗
⇐VmoEachiteration :

') Ee Pel feel c- fee) /( fit
for

• f e- azmi [Rf
Bf =L

2) 11ft, c- P
R = 1m€ + dingle)

. Repay y.y.nu go , gµ



ACCELERAT1ÉW_
The Christiano et al . scheme Min 11£16

• 11th min for yfy.me?Bt---d-(#
• Use multiplicative weight method

✗
⇐ Vmi

÷;Y
" """

y
.

f e- azmi [Rf
B f. =L

R= 1m€ + dingle)



ACCELER.AT/0W--
The Christiano et al . scheme Min 11£16B£=&[]

• 11th min for 11 flls min ?

• Use multiplicative weight method
11ft, mi : 11 this

[
⇐ ✓☐

for

É÷☒¥. .im. fe-asnit.ae
Bf =L

R = 1m€ + dingle)



ACCELER.AT/0W--
The Christiano et al . scheme Min 11£16B£=&[]

• 11th min for ✗ flls min ?

• Use multiplicative weight method
11ft, mi://ftp.EI if ⇐ ✓MT

for

in. /⑤÷:*Bf =L

R=tmI + dingle)



ACCELER.AT/0W--
The Christiano et al . scheme Min 11£16B£=&[]

• 11th min for ✗ flls min ?

• Use multiplicative weight method
11ft, mi://ftp.EL if

⇐ VNT

for

÷i%*⇐¥|④ñt:*Bf =L
=\

R= 1m€ + dingle)③ delete edge from electrical flow



ACCELERAT1ÉW_
The Christiano et al . scheme Min 11£16]

• 11th min for ✗ fu, min ?
Bt_=CÉ

• Use multiplicative weight method

11 f 11
,

with deletion of high flow edges :

11th
,

C- MY}



ACCELERAT1ÉW_
The Christiano et al . scheme Min 11£16

• 11th min for ✗ fu, me ?
Bt_=&[]

• Use multiplicative weight method

11 f 11
,

with deletion of high flow edges :

11th
,

C- MY}

and this analysis is tight.



AYE.IE?!-TfI-her how - deletion

11ft mi C- I
k paths ?.?⃝#

€

length K w . ktl cents s - t
•

0 • E

n .:É¥leak -1 • • • • f 11.11
,

mi w
. deletions

:C: 11th >- % always
0

•

. Madry /Spielman
0



ACCELERN-TIO.no
Analyzing the deletion scheme ?

Fifi⇒4.IE#E-Ij----/HelsvIf
→ Delete edge w

. Hel >- f
→ Increase cost by = ( I +¥ ) factor
→ Repeat T times : EE

→ Deletion & 11th
•

: small increase

→ Hence Tp÷z log n ⇒ contradiction



ACCELERN-TIO.no
Analyzing the deletion scheme ?

Fifi⇒4.IE#E-Ij----/He1svI-f
→ Delete edge w

. Hel >- f
→ Increase cost by = ( I +¥ ) factor
→ Repeat T times : É%

→ Deletion & 11th
•

: small increase

1-=P
sk-E.tt TPI 7 1

,
air Ttp ?

y
= ok



ACCELERN-TIO.no
Analyzing the deletion scheme ?

Fifi⇒4.IE#E-Ej----/HelsvIf
→ Delete edge w

. Hel >- f
→ Mutt increase in cost by = ( I +¥ )
→ Repeat T times : EE

→ Deletion & 11th
•

: small increase

→ Hence Tp÷z log n ⇒ contradiction



::÷¥÷÷
min g- § + [HE +118 %P
cE=q -

↳
min ÉH 8- +11811%
c£=I

IS = 0

Apply MWU to solve u . acceleration .

Keep 111th Sell
,
and 11 ftp.tmall simultaneously .
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86

Ax - BUT m •
"3 heuristic

→
-
-

-

%
f lower board

B. heuristic tower
bound

for linear
ma higher

order acceleration \

programme
Butlins / Arjeroni

et al 2018
1

,

'

,
Spielman

1 Madry
1-P

p p = •

OPEWQUESTO.ws#
• iterative refinement for all less smooth comet functions

→ Adil et. at recent progress ?
a linear programminginV-DMewsionTCinear@g.soCees1.o
formal lower bounds against randomised algorithms ?
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M Flow g•¥0?°°¥>
⇒•¥0T

0



sohu.FM#-iY.y?.IY-h,I----.-'MAXIMUM FLOW

• solve with homotopy!⇒⇒
°

to



GOINGFURTHERFORT-how-PROBLEMSMAXI.MU
M FLOW

→
t

• solve with homotopy?•¥gj÷É
• linear equations ?→

0



GOINGFURTHERFORT-how-PROBLEI.mn
-ximum Fun s•µg%→ t

• solve with homotopy?
• linear equations ?→

II
•

• electrical flow



GOINGFURTHERFORT-low-PROBLEMSMAXI.MU
M Flow g•Y%°• solve with homotopy!→→

° €

• linear equations ?→ →
II

•

• electrical flow → fast algorithm due to Spielman
&

Teng



GOW.t.IE??Fn.atuERgaI?RFhow-PR0BtEns-
I

• L ✗ = b In nearly linear time
Spielman Teng 2004

0

key ingredients :
D iterative retirement

→ sampling

3) Gaussian elimination



GOINGFURTHERFORT-low-PROBLEmskey.ingradients :
D iterative retirement

→ sampling

3) Gaussian elimination

• Kyny , Peng , Sachdeva
, Wang STOC 2019

Almost linear time 2
, p flow

-

in unit capacity graphs
• Liufidfwd /Katharina STOC 2020

Maximum flow in =/El
""

time in unit capacity graphs.
via 2. p

- norm based interior point method
• Adil Bullins Kyng Sachdeva ICAKP 2022

Nearly linear time p -norm flow in slightly dense
graphs



t.to#M1iR--DG-oanswanehininatiar?-
Recall eliminated ⇐>

optmizeouernen.iq#E: flow routing is trivial

_3devardÉ€o]→|:¥..÷÷IT

pegreezrertiasw.IAND-0.IT#-:-



E.

along tree path
to * •

¥ÉÉ
Goof :')all edges more a short distance

2) each tree edge is not
"
used
" too much



r

Howtogetmarydegreet.cl?nodes?Spiehman-Teug'
04 : Ultnsparoifiers ⇒ vertex dim for e.

Riecke
'

08 : oblivious routing
Mady

'
10 : j - trees

Sherman d Kelner - Lee - Orechia - Sidford

efficient j trees ⇒ verbatim for %

keyingredient-r.tow -stretch trees

Kyny - Peng - Wang- Zheng
'

9s : 5- f- + f-
'

Rf * II flip
→ simultaneous vertex dim for

weighted l, & unweighted la
+ handle gradients



GOINGFURTHERFORT-low-PROBLEmskey.ingradients :
✓ D iterative retirement

→ sampling
✓ 3) Gaussian elimination

£mwÉ¥y for g-if + f-
'

Rf * ✗SHIPP
appneadr-i.it bucketing edges to enforce uniform wts .

2) expander decompose & enforce
"

nice" gradient

3) argue sampling preserves optimal notations

approximately on expanders


