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Problems we would be interested in...

Vertex Cover

Input: A graph G = (V, E) and a positive integer k.

Parameter: k

Question: Does there exist a subset V/ < V of size at most k such that for
every edge (u,v) € E eitherue V' orve V7

Hamiltonian Path
Input: Agraph G = (V, E)
Question: Does there exist a path P in G that spans all the vertices?

Path

Input: A graph G = (V, E) and a positive integer k.
Parameter: k

Question: Does there exist a path P in G of length at least k?
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Dynamic Programming for Hamiltonian Path
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SETS, NOT SEQUENCES.
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o HAM-PATH

Vi

SETS, NOT SEQUENCES.

V([Paths of length i ending at v;]

Two paths that use the same set of vertices but

visit them in different orders are equivalent.
Vn



o HAM-PATH

Vi

V([Paths of length i ending at v;]

= V/[Paths of length (i — 1) ending at wu, avoiding v;.]
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= V/[Paths of length (1 — 1) ending at u, avoiding v;.]

i, u e N(vj)



o HAM-PATH
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V([Paths of length i ending at v;]

= V/[Paths of length (1 — 1) ending at u, avoiding v;.]

v, u € N(v;)



o HAM-PATH

Vi

V([Paths of length i ending at v;]

= V/[Paths of length (1 — 1) ending at u, avoiding v;.]

i, u e N(vj)



o HAM-PATH

V1

Potentially storing () sets.

V([Paths of length i ending at v;]

= V/[Paths of length (1 — 1) ending at u, avoiding v;.]

i, u e N(vj)



Let us now turn to k-Path.

To find paths of length at least k,
we may simply use the DP table for Hamiltonian Path
restricted to the first k columns.
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v; Worst case running time: O* ((}}))
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Worst case running time: ©* (n*)
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Do we really need to store all these sets?

In the it™ column, we are storing paths of length i.
Let P be a path of length k.

There may be several paths of length 1 that “latch on” to
the last (k — 1) vertices of P.



Do we really need to store all these sets?

In the it™ column, we are storing paths of length i.
Let P be a path of length k.

There may be several paths of length 1 that “latch on” to
the last (k — 1) vertices of P.

We need to store just one of them.
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Example.

Suppose we have a path P on seven edges.
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Example.
Suppose we have a path P on seven edges.

Consider it broken up into the first four and the last three edges.
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A Fixed Future (virq — - — ).




The Possibilities for Partial Solutions Compatible with v; . ; — - - - — v,
W
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A Fixed Future (virq — - — ).




Let’s try a different example.

NN



The Possibilities for Partial Solutions Compatible with v; 1 — - -+ — v,
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A Fixed Future (virq — - — ).




Here’s one more example:

EONIAVAN



The Possibilities for Partial Solutions Compatible with v; 1 — - - - — v..
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9

A Fixed Future (viy 1 — - —vy).



For any possible ending of length (k — 1), we want to be sure that we store
at least one among the possibly many “prefixes”.



For any possible ending of length (k — 1), we want to be sure that we store
at least one among the possibly many “prefixes”.

This could also be (™).



For any possible ending of length (k — 1), we want to be sure that we store
at least one among the possibly many “prefixes”.

This could also be (", ).

The hope for “saving” comes from the fact that a single path of length i is
potentially capable of being a prefix to several distinct endings.



For example...
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Then:

j vertices

L3 ® ® o * ® ® ®
Vi H/_/
(k —j) vertices
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Partial solutions: paths of length j ending at v;

A “small” representative family.




Then:

j vertices

L3 ® ® o * ® ® ®
Vi H/_/
(k —j) vertices

1

Partial solutions: paths of length j ending at v;

A “small” representative family.
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j vertices

If: [ L3 ® o o 4 o ® ®

Vi H/_/

(k —j) vertices

1

Partial solutions: paths of length j ending at v;

A “small” representative family.

A

We|would like to store at least one path of lengi-h j

that serves the same purpose.

Then: 4 o ® )
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Forany X < [n] of size (k — p),

if thereisa set S in ?Asuch that X n S = ¢,
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Given: A (BIG) family & of p-sized subsets of [1].
S])SZ)'-')St

Want: A (small) subfamily 7 of F such that:

Forany X < [n] of size (k — p),

ifthereisaset SinFsuchthat X n S = ¢,
then thereisaset Sin Fsuchthat X n' S = .

The “second half” of a solution — can be any subset.



Given: A (BIG) family & of p-sized subsets of [n].
S])SZ)---»St

Want: A (small) subfamily F of F such that:

Forany X < [n] of size (k — p),

ifthereisasetSinFsuchthat X n' S = ¢,
thenthereisaset Sin Fsuchthat X n S = .

This is a valid patch into X.



Given: A (BIG) family J of p-sized subsets of [n].
S])SZ)'-')St

Want: A (small) subfamily 7 of F such that:

Forany X < [n] of size (k — p),

if there isa set S in S"Asuch that X n S = ¢,
then thereisaset Sin Fsuchthat X n' S = .

This is a guaranteed replacement for S.



Given: A (BIG) family & of p-sized subsets of [1].
S])SZ)'-')St

Want: A (small) subfamily 7 of F such that:

Forany X < [n] of size (k — p),

if thereisa set S in ?Asuch that X n S = ¢,
then thereisaset Sin Fsuchthat X n' S = .



Given: A < (7)) family " of p-sized subsets of [n].
S])SZ)'-')St

Want: A (small) subfamily 7 of F such that:

Forany X < [n] of size (k — p),

if thereisa set S in ?Asuch that X n S = ¢,
then thereisaset Sin Fsuchthat X n' S = .



Given: A < (g) family I of p-sized subsets of [n].
S])SZ)--')St

Known: 3(‘;) subfamily F of F such that:

Forany X < [n] of size (k — p),

ifthereisaset SinFsuchthat X n S = ¢,
then thereisaset Sin Fsuchthat X n' S = .

Bolobas, 1965.
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Given: A a matroid (M, J), and a family of p-sized subsets from J:

S])SZ)'-')St

Want: A subfamily J of F such that:

For any X < [n] of size at most q,

|fthere|sasetSm&"suchthatXmS —@anquS €7,
then there is a set S in F such that X n S _@anquS e J.



Given: A a matroid (M, J), and a family of p-sized subsets from J:
ShSZ)---)St

There is a subfamily J of 5 of size at most (V}f‘*) such that:

For any X < [n] of size at most q,

ifthereisaset SinFsuchthat X nS=gand X U S € J,
thenthereisasetSinFsuchthat X nS = Zand X U S e J.

Lovasz, 1977



Given: A a matroid (M, J), and a family of p-sized subsets from J:
S])SZ)'--)St

There is an efficiently computable subfamily F of F of size at most (71) such that:

For any X < [n] of size at most q,

if thereisaset S in"fAsuchthatX NS=¢gandXuUS e,
thenthereisaset Sin Fsuchthat X n S = gfand X U S € J.

Marx (2009) and Fomin, Lokshtanov, Saurabh (2013)



Summary.

We have at hand a p-uniform collection of independent sets, & and a number q.
Let X be any set of size at most q. For any set S € &, if:

a Xis disjoint from S, and
b Xand S together form an independent set,
then a g-representative family T contains a set S that is:
a disjoint from X, and
b forms an independent set together with X.

Such a subfamily is called a q-representative family for the given family.
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Representative Set Computation
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1 2 3 i k—1 k
Vi
Not so Fast!
(1) is too big!
Vi

Representative Set Computation



We are going to compute representative families at every intermediate stage of
the computation.



We are going to compute representative families at every intermediate stage of
the computation.

For instance, in the i*" column, we are storing i-uniform families.
Before moving on to column (1+ 1), we compute (k — i)-representative families.

This keeps the sizes small as we go along.
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Let ﬂ be the set of all paths of length i ending at v;.

It can be shown that the families thus computed at the it" column, jth row are
indeed (k — i)-representative families for P).

The correctness is implicit in the notion of a representative family.
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Vertex Cover
(an you delete k vertices to kill all edges?
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Vertex Cover
(an you delete k vertices to kill all edges?

XIND DO\




Let (G = (V, E), k) be an instance of Vertex Cover.

Note that E can be thought of as a 2-uniform family over the ground set V.



Let (G = (V, E), k) be an instance of Vertex Cover.

Note that E can be thought of as a 2-uniform family over the ground set V.

Goal: Kernelization.

In this context, we are asking if there is a small subset X of the edges such that

G[X] is a YES-instance < G is a YES-instance.



Note: If G is a YES-instance, then G[X] is a YES-instance for any subset X < E.
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It is the NO-instances that we have to worry about preserving.



Note: If G is a YES-instance, then G[X] is a YES-instance for any subset X < E.

We get one direction for free!

It is the NO-instances that we have to worry about preserving.

What is a NO-instance?



If G is a NO-instance:

For any subset S of size at most k,
there is an edge that is disjoint from S.



If G is a NO-instance:

For any subset S of size at most k,
there is an edge that is disjoint from S.

Ring a bell?



Recall.

We have at hand a p-uniform collection of independent sets, & and a number q.
Let X be any set of size at most q. For any set S € &, if:

a Xis disjoint from S, and
b Xand S together form an independent set,
then a q-representative family contains a set S that is:
a disjoint from X, and
b forms an independent set together with X.

Such a subfamily is called a g-representative family for the given family.



Claim: A k-representative family for E is in fact
an O(k?) kernel for vertex cover.



E(G) :{61,62,...,€m}

Is there a Vertex Cover of size at most k?



E(G) :{eheZa'--)em}

k-Representative Family

Is there a Vertex Cover of size at most k?



E(G) :{eheZa'--)em}

k-Representative Family

{fhfZ)"'»fT}

Is there a Vertex Cover of size at most k?



E(G) :{eheZa'--)em}

k-Representative Family

Is there a Vertex Cover of size at most k?



E(G) :{eheZa'--)em}

{fhfZ)"'»fT}

O(k?)

Is there a Vertex Cover of size at most k?



Let us show that if G[X] is a YES-instance, then so is G.



Let us show that if G[X] is a YES-instance, then so is G.

This time, by contradiction.
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DN BN

Try the solution for G[X] on G.



DN N

Suppose there is an uncovered edge.



DN AN

Since X is a k-representative family, for ANY S < V/, where |S| < k:
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Since X is a k-representative family, for ANY ,where |S| < k:

ifthereisasetein E suchthate n S = ¢,
then there isa set e in X suchthate n S = .

Note that the green edges denote G[X].
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EONSINVAN

Since X is a k-representative family, for ANY ,where |S| < k:

ifthereisasetein E suchthate n S = ¢,
then there isa set e in X suchthate n S = .

Note that the green edges denote G[X].



DN

Since X is a k-representative family, for ANY S < V/, where |S| < k:

ifthereisasetein E suchthate n S = ¢,
thenthereisaset €in X suchthate n S = .

Note that the green edges denote G[X].

C ontradiction!



A k-representative family for E(G) is in fact
an O(k?) instance kernel for Vertex Cover!
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Notation

Det(M) : [M]

Let M be a m x nmatrix,and let I < [m],] < [n].

MII, J] : M restricted to rows indexed by I and columns indexed by J

MU*, J] : M restricted to all rows and columns indexed by J

MII, ] : M restricted to rows indexed by I and all columns



STANDARD LAPLACE EXPANSION



a2
az
asz
Q42
as2
Q62

a3
az;
asz
ass
as3
ae3

ajg
azq
assa
Qaga
asq
Qga

ais
azs
ass
Qass
ass
Qg5

a6
az
aze
Q46
ase
Qg6

Fix a row and expand along the columns.



ann a2 a3 a4 a5 Are
a1 G2 A3 G4 A5 Az
a31 a3z 433 az4 a3zs aze
[a41 a2 as3 ass ass ase
as] G52 G53 G54 G55 Q56
Qg1 Qg2 063 Qg4 Qg5 Qg6

Fix a row and expand along the columns.



an

az
asi

a2
az
asz

a3
az;
as3

ajg
azq
assa

ais
azs
ass

a6
az
aze

Fix a row and expand along the columns.

asy

as2

ass

Qaga

Q45

Q46

asy

de1

asz
Q62

as3
ae3

a3

asq
Qga

ag

ass
Qg5

ase
Qg6

aie



an [aiz]aiz aia ais are
az1 |G| a3 G4 425 A2
431|032 | as3 a4 azs aze
Q41| 042|043 Q44 Q45 Q46
as51| G52 | A53 454 G55 Q56
Q61| G62 | A63 Q64 Q65 Q66

Fix a row and expand along the columns.

a2 @iz aig ars aie a1 @iz ag ais aie
| Q22 a3 Q24 Q25 Q26 azr 0 a3 az4 A5 O
| @32 @33 az4 azs aze az | 433 434 435 A3

as2 As3 As4 As5 Qse asi ds53 454 Q55 QAse



an aizfaiz|ais ais are
a1 G2|0G23|0A24 Q25 Q2
a31 032|033 |as4 a3zs aze
Q41 042|043 | 044 Q45 Q46
as1 G52 053 | G54 G55 Q56
Q61 Q62| A63 | Q64 Q65 Q66

Fix a row and expand along the columns.

a2 @iz aig ars aie a1 @iz ag ais aie apr a2 0 Ay 415 Qg6
| Q22 a3 Q24 Q25 Q26 azr 0 a3 az4 A5 O azy azz | a4 azs Az
| @32 @33 az4 azs aze az | 433 434 435 A3 as; @32 | 034 G35 036
| G52 053 G54 Q55 Qs6 as1 1G53 454 G55 Q56 as) @s2 | As4 G55 Qs6
| OGe2 Q3 QGg4 Ue5 Qg6 ag1 | 063 Q4 Q65 Uge Qg1 Gg2 | Qg4 U5 Ag6



an aiz aizfaia]ais are
a1 G2 G23|0A24 |A25 Q2
a31 432 a33]0as4 | a3s 36
Q41 Q42 043|044 | Q45 Q46
as1 G52 053|454 | G55 Q56
Q61 Q62 Q63| Q64 | Q65 Q66

Fix a row and expand along the columns.

a2 @iz aig ars aie a1 @iz ag ais aie apr a2 0 Ay 415 Qg6
| Q22 a3 Q24 Q25 Q26 azr 0 a3 az4 A5 O azy azz | a4 azs Az
| @32 @33 az4 azs aze az | 433 434 435 A3 as; @32 | 034 G35 036
| G52 053 G54 Q55 Qs6 as1 1G53 454 G55 Q56 as) @s2 | As4 G55 Qs6
| OGe2 Q3 QGg4 Ue5 Qg6 ag1 | 063 Q4 Q65 Uge Qg1 Gg2 | Qg4 U5 Ag6

anoan a;z A Qe
az a2 a3 azs Az
az) 4z 433 | 435 A3
as1 @52 As3 1 055 Q56
Q61 G2 Q63 | Q65 Qe



an a2 a3 aiafars |aie
a1 G2 A3 A4|0A25 | A2
a31 a3z a33 az4|a3s | a3e
Q41 Q42 043 044|045 | Q46
as1 G52 453 G54 | 055 | Q56
Q61 Q62 Q63 Qed | de5 | A6

Fix a row and expand along the columns.

a2 @iz aig ars aie a1 @iz ag ais aie apr a2 0 Ay 415 Qg6
| Q22 a3 Q24 Q25 Q26 azr 0 a3 az4 A5 O azy azz | a4 azs Az
| @32 G33 a34 435 Q36 az | 433 434 435 A3 as; @32 | 034 G35 036
| G52 053 G54 Q55 Qs6 as1 1G53 454 G55 Q56 as) @s2 | As4 G55 Qs6
| OGe2 Q3 QGg4 Ue5 Qg6 ag1 | 063 Q4 Q65 Uge Qg1 Gg2 | Qg4 U5 Ag6
anoan a;z A Qe air a2 13 a4 Qle
az a2 a3 azs Az azr a2 a3 az4 | 0
az; 4z 4z3 | 435 A3 a1 432 433 44 | 436
as1 @52 As3 1 055 Q56 As1 @52 Q53 ds4 1 Q56
Q61 G2 Q63 | Q65 Qe Q61 Q62 Q63 Q64 | Qg6



an
az
asi

a2
az
asz

a3
az;
as3

ajg
azq
azq

ais
azs
azs

a6

az
aze

asy

as2

ass

Qaga

Q45

Q46

asi
ae1

asz
Q62

as3
ae3

a3
az3

asq
Qga

ag

ass
Qg5

Ase

g

aie

16

Fix a row and expand along the columns.

aiq

ais

aq

aig

ais
azs

Qaie



GENERALIZED LAPLACE EXPANSION



an
a
asi
as
as1
Ae1

Det(A) =

a2
az
a2
Qas2
as2
Q62

a3
az;
asz
as3
as3
63

apg
azs
aszq
Qqa
asq
Qga

ais
azs
azs
ass
ass
Qg5

IS ], |1=]]

are
az
aze
Q46
ase
Qg6

2

]
R ADNEDY
(I, ]1) - Det(A[LJ]) - (—1)
Det(Al,



‘|
a
asy
asy
as1

a1

Det(A) =

a2
az
asz
Q42
as2
Q62

(a3
az;
asz
as3
as3

L3

apg
azq
az4
Qqa
asq
Qga

ais
azs
ass
ass
ass
Qg5

(a6 |
az
aze
Q46
ase

s,

Z Det(A[LJ]) - Det(A[L, J])

IS ], |1=]]

Fix a set of columns, ] < [6].

(=X



an a2
az | az

a3
az;

apg
azq

ais
azs

are
a2z

asi | asz
Qaq1 | Q42
asi | as2

asz
as3
as3

aszsa
Qqa
asq

ass
Qass
ass

aze
Q46
ase

de1 | Ae2

63

Qga

g5

g

Det(A) =

IS ], |1=]]

2,

Det(Al,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |I| = []].

71) - Det(A[L J]) - (—1)Z1+2T



an a2z a3 a4 a5 | are
az1|az|az;|ax ax|az
a31 | a3z | a3z | as4 ass| aze
Q41| Q42 | Q43 | Q44 Q45 | Q46
451 | a52|A53|as4 ass | Ase
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |I| = []].

Det(A[L, ).

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2z a3 a4 a5 | are
az1|az|az;|ax ax|az
a31 | a3z | a3z | as4 ass| aze
Q41| Q42 | Q43 | Q44 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |I| = []].

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2z a3 a4 a5 | are
21| 922 | 923 | G24 25 | 026 Fix a set of columns, ] < [6].
a31 | a3z | a3z | as4 ass| aze
a471 | Q42 | Q43 | Qa4 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Iterate over all I < [6] such that |I| = []].

--r : ann L oaiz 0 aig
-k | az; o oaz | Q26
! ! N R Lo (143+6)+(1+2+6
| Qa2 1 Q44 Q45 [ I P R (_]) 3+6)+( +6)
Does2oasiass |l Fooooe e
S ey == g1 | A&z | | Q66
Det(A[T,]) Det(A[L J])

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+
1S =]



an a2z a3 a4 a5 | are
21| 922 | 923 | G24 25 | 026 Fix a set of columns, ] < [6].
a31 | a3z | a3z | as4 ass| aze
a471 | Q42 | Q43 | Qa4 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Iterate over all I < [6] such that |I| = []].

--r : ann L oaiz 0 aig
-k | az; o oaz | Q26
! ! N R Lo (143+6)+(1+2+6
| Qa2 1 Q44 Q45 [ I P R (_]) 3+6)+( +6)
Does2oasiass |l Fooooe e
S ey == g1 | A&z | | Q66
Det(A[T,]) Det(A[L J])

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+
1S =]



an a2 a3 a4 a5 | aig
az1[azz|a|dx ds|ax
031|032 | a3z | a4 azs| aze
Q41| Q42 | Q43 | Q44 Q45 | Q46
as1 | a52 | a53 | As54 Q55 | A56
a1 @62 | 863 | @ss e | dss.

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

Lo aas s | (_]):1 34+6)+(14+2+3)
;o @s2 G54 Q55
| G2 | Qg4 Qg5 |

Det(A[L, J)) Det(A[L 1)

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2

a3

apg

a5

16

azi | azz

azs

azq

azs

aze

asi | asz

as3

az4

ass

aze

Q41| Q42

as3

Qqa

Qass

Q46

as1 | asz
de1 | Q62

Det(A) =

as3

63

asq
Qga

ass
Qg5

ase

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

arr o a3 1 ¢ Qie

az; o oaz | Q26

asn |oasz | | ase (_”;1 3+46)+(1+2+4)
Det(A[L 1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



an a2

a3

apg

a5

16

azi | azz

azs

azq

azs

aze

asi | asz
Q41 | Q42

asz
as3

az4
Qaqq

ass
ass

aze
Q46

as1 | as2

as3

asq

ass

as6

de1 | Q62

Det(A) =

63

Qga

Qg5

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

ann @iz |oare
az; o oaz | Q26
,,,,,,,,,,,,,,,,,,,,,,,, (_])11 3+6)+(14+2+5)
as1 0 as3 | Gs6

Det(A[L 1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



an a2 a3 a4 a5 | aig
az1[az2|az3|dax axs|az
a31 | a3z | a3z | as4 ass| aze
Q41| Q42 | Q43 | Q44 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

———————————————————————— an a0 A
777777777777777777777777 az ;oaz | Q2
[@32 | @34 a3 | e
as2 44 Q45 ,,,,,,,,,,,,,,,,,,,,,,,, (_]):1 3+6)+(1+2+6)
@52 asq ass Ll e
777777777777777777777777 Qg1 | Q3 | | Gee
Det(A[L, J)) Det(A[L, )

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2 a3 a4 a5 | aie
az1]az2]0az3| A2 Az5|0A2
431|032 | a3z a4 azs | aze
Q41| 042|043 | Q44 Q45 | Q46
as1 | a52 | a53 | As54 Q55 | A56
Q61 | Q62| 63 | Aed Q65 | 66 |

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

******************** an Loans 1 Lo
voaxp2 oaxg axs || ff
************************ azr | 433 T
———————————————————————— agr 1 gz | ase (_])11 346)+(1+3+4)
©oas2 0 @sg ass |l e
3 Qg2 : ags ags | || || ---------mmmm -

Det(A[L, J)) Det(A[L, )

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2

a3

apg

a5

16

a1 | azz

a3

azq

azs

aze

asi | asz

as3

az4

ass

aze

Q41 | Q42

as3

Qaqq

ass

Q46

as1 | as2

as3

asq

ass

as6

de1 | Q62

Det(A) =

63

Qga

Qg5

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

ann oaiz 0 aig
azr | 433 | 36
,,,,,,,,,,,,,,,,,,,,,,,, (—1)(14+3+6)+(1+3+5)
asg ! ass ! ! as6

Det(A[L, )

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



an a2

a3

apg

a5

16

a1 | azz

a3

azq

azs

aze

asi | asz

as3

az4

ass

aze

Qaq1 | Q42
as1 | as2

as3
as3

Qqa
asq

Qass
ass

Q46
ase

de1 | Ae2

63

Qga

g5

g

Det(A) =

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

ann oaiz 0 aig
azr | 433 G
,,,,,,,,,,,,,,,,,,,,,,,, (_]):1 3+6)+(1+3+6)
ae1 | Ge3 | | Gee

Det(A[L J1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



an a2

a3

apg

a5

16

azi | az
asi | asz

az;
as3

azq
aszsa

azs
ass

az
aze

Q41 | Q42

asq3

Qaqq

ass

Q46

as1 | as2

as3

asq

ass

as6

de1 | Q62

Det(A) =

63

Qga

Qg5

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

an oaiz 1 aig
asn |oasz | | ase (_”;1 3+46)+(1+4+5)
as; 1 ds3 | Q56

Det(A[L J])

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



an a2 a3 a4 a5 | aie
az1| a2 |azs|az a|az
431|032 | a3z a4 ass| aze
Q41| 042|043 | Q44 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

******************** an Loans 1 Lo
oaz2 0 aq s Ll e
o oazoazs |||
———————————————————————— agr 1 sz | e (_])11 3+6)+(1+4+6)
| G52 asq ass v || || o
ffffffffffffffffffffffff ae1 | Ge3 | | Q66

Det(A[L,J)). Det(A[L J1).

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2 a3 a4 a5 | aie
az1| a2 |azs|az a|az
a31 | a3z | a3z | as4 ass| aze
Q41042 | 043 | Q44 Q45 | Q46
as51 | a52 | A53 | A54  As55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

******************** an Loans 1 Lo
voaxp2 oaxg axs || ff
a2 oaz oazs |||
a2 0 oasa ass 0 | (_]):1 3+6)+(1+5+6)
———————————————————————— as1 . as3 | Q56
ffffffffffffffffffffffff ae1 | Ge3 | | Q66
Det(A[L,J)). Det(A[L J1).

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2

a3

apg

ais

16

azi | azz

a3

a4

azs

aze

azi | asz

asz

az4

ass

aze

Q41| Q42

as3

Qqa

Qass

Q46

as1 | asz
de1 | Q62

Det(A) =

as3
63

asq
Qga

ass
Qg5

ase

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

az; o oaz | Q26

azr | 433 | 436

asn |oasz | | ase (_”;1 3+46)+(2+3+4)
Det(A[L 1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



an a2

a3

apg

ais

16

azi | azz

a3

a4

azs

aze

asi | asz

as3

az4

ass

aze

Q41 | Q42

as3

Qaqq

ass

Q46

as1 | as2

as3

asq

ass

as6

de1 | Q62

Det(A) =

63

Qga

Qg5

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

az oaz | G2
azr | 433 G
,,,,,,,,,,,,,,,,,,,,,,,, (_])11 3+6)+(2+3+5)
as1 0 as3 | Q56

Det(A[L J1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



‘ari|aiz[aiz]ain ais[aig]
az1]az2| a3 | Az As| Az
031|032 | a3z | a4 azs| aze
Q41| Q42 | Q43 | Q44 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

azy ;a3 | Q26
azr | 433 G
as2 44 Q45 ,,,,,,,,,,,,,,,,,,,,,,,, (_]):1 3+6)+(2+346)
[ A L 3 | | B it
ffffffffffffffffffffffff ae1 | Ge3 | | Q66
Det(A[T,]) Det(A[L J])

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2

a3

apg

ais

16

azi | azz

azs

azq

azs

aze

asi | asz

as3

az4

ass

aze

Q41 | Q42

asq3

Qaqq

ass

Q46

as1 | as2

as3

asq

ass

as6

de1 | Q62

Det(A) =

63

Qga

Qg5

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

az; o oaz | Q26
asn |oasz | | ase (_”;1 3+46)+(2+4+5)
as; 1 ds3 | Gs6

Det(A[L 1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



‘ari|aiz[aiz]ain ais[aig]
az1|az|az;|ax ax|az
431|032 | a3z a4 ass| aze
Q41| 042|043 | Q44 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

|oan : ag a5 0 | o
777777777777777777777777 az ;oaz | Q2
o oazoazs |||
———————————————————————— agr 1 sz | ase (_])11 3+6)+(2+4+6)
| G52 asq ass v || || o
ffffffffffffffffffffffff ae1 | Ge3 | | Q66

Det(A[L,J)). Det(A[L J1).

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



‘ari|aiz[aiz]ain ais[aig]
az1|az|az;|ax ax|az
a31 | a3z | a3z | as4 ass| aze
Q41042 | 043 | Q44 Q45 | Q46
as51 | a52 | A53 | A54  As55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

|oan : ag a5 0 | o

|@32 | a3 a3

| Q42 1 aas Qg5 (_]):1 3+46)+(2+5+6)
Det(A[T,]) Det(A[L J])

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2
az | az

a3
az;s

apg
azq

ais
azs

are

aze

azi | asz

asz

az4

ass

aze

Q41 | Q42

asq3

Qaqq

ass

Q46

as1 | as2

as3

asq

ass

as6

de1 | Q62

Det(A) =

63

Qga

Qg5

g

2,

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

azr | 433 | 436
asn |oasz | | ase (_”;1 3+46)+(3+4+5)
as; 1 ds3 | Q56

Det(A[L J1)

Det(A[L,J]) - Det(A[L J]) - (—1)=1+2)

IS ], |1=]]



‘arn|aiz[aiz]ann ars[aig]
a21]az2| a3 | A Az5|0a2
431|032 | a3z a4 azs | aze
Q41| 042|043 | Q44 Q45 | Q46
as51 | 052 | 53 | A54 Q55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

a2 0 oag s o oo
a0 oaz axs 0 ||| e
———————————————————————— az Az | 436 .
———————————————————————— a1 asz | | age (_])‘1 346)+(3+4+6)
|as2 asq ass [ -ooomeme e
———————————————————————— ag1 | @3 | | Qe
Det(A[L, ). Det(ALJ1).

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



‘arn|aiz[aiz]ann ars[aig]
a21]az2| a3 | A Az5|0a2
031|032 | a3z | a4 azs| aze
Q41042 | 043 | Q44 Q45 | Q46
as51 | a52 | A53 | A54  As55 | A56
de1 | A62 | A63 | A4 Q65 | Qg6

Fix a set of columns, ] < [6].

Iterate over all I < [6] such that |T| = []].

Loan 3 ags a5 o ||
voaxp2 oaxg axs || ff
************************ az Az CETS
Loasr 0 oass ags || f| e (=1)(143+6)+(3+5+6)
———————————————————————— as1 . as3 T
ffffffffffffffffffffffff ae1 | Ge3 | | Q66
Det(A[L, 7)) Det(A[L, J1)

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+

IS ], |1=]]



an a2z a3 a4 a5 | are
az1|@z2|az;|az as|az

Fix a set of columns, ] < [6].
431|032 | a3z a4 ass| aze

a471 | Q42 | Q43| Qa4 Q45 Qa6

Iterate over all I < [6] such that |T| = []].

as51 | a52 | A53 | A54  As55 | A56

de1 | A62 | A63 | A4 Q65 | Qg6

@iz aig ais
| a2 a4 azs
> S A

(_] ):1 3+6)+(4+5+6)

Det(A)= > Det(A[,J])- Det(A[LJ)) - (—1)Z 1+
LIr=l



Recall: A Linear (or Representable) Matroid



M = (E,J),where E = {ej,...,en}andJ < 2F
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M = (E,J),where E = {ej,...,en}andJ < 2F

Columns indexed by elements of E

| |
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M = (E,J),where E = {ej,...,en}andJ < 2F

Columns indexed by elements of E

| |
I I
I I
I I
I I
l l
AMm = Xe, Xe,
| |
I I
I I
I I
I I
| |
| |



(E,J),where E ={eq,...,en}andJ < 2F

M:

Columns indexed by elements of E




(E,J),where E ={eq,...,en}andJ < 2F
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(E,J),where E ={eq,...,en}andJ < 2F

M:

Columns indexed by elements of E




(E,J),where E ={ej,...,en}andJ < 2F

M =

Columns correspondingto S € J




(E,J),where E ={ej,...,en}andJ < 2F

M =

Columns correspondingto S € J

..are linearly independent.



(E,J),where E ={ej,...,en}andJ < 2F

M =

Columns that are linearly independent...




(E,J),where E ={ej,...,en}andJ < 2F

M =

Columns that are linearly independent...

..correspond to sets in J.



(E,J),where E ={eq,...,en}andJ < 2F

M:

Columns indexed by elements of E

k(M)

. xen—1 X'en




Given: A collection of p-sized independent sets:

8 ={S1,...,S¢}

1The rank of the underlying matroid is (p + q).



Given: A collection of p-sized independent sets:

8 ={S1,...,S¢}

Want: A q-representative subfamily 8 of size < (p;q).

1The rank of the underlying matroid is (p + q).
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Columns corresponding to Z
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Columns corresponding to Z

q

Columns corresponding to Y

(p+q)



P

Columns corresponding to Z

q

Columns corresponding to Y

Det(Am (%, Z U Y])

(p+q)



P

Columns corresponding to Z

q

Columns corresponding to Y

0 + Det(Am %, Z U Y))

(p+q)



Columns corresponding to Z  Y: LINEARLY INDEPENDENT

P q

Columns corresponding to Z Columns corresponding to Y

Am = (p+a

0 # Det(An [k, Z U Y])
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Am = (p+a)
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Columns corresponding to Z  Y: LINEARLY INDEPENDENT

P q
Columns corresponding to Z Columns corresponding to Y
Am = (p+a)
0 # Det(Apm[*,Z U Y]) = 2 Det(AL Z]) - Det(A[L,Y]) - @

IS[p+ql,[Il=p



0 # Det(Am[k,Z U Y]) = D1 Det(AlL,Z]) - Det(A[L, Y]) - @
IC[p+ql,lIl=p



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @
IC[p+ql,lIl=p

vy = ( Det(Allo, Z]) ..., Det(A[l;,Z]) ..., Det(AlL, Z]) )
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vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).
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All subsets of size p of (p + q).
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0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @
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vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

Vs, 1:( Det(Allo, S11) ..., Det(A[l;,S1]) ..., Det(A[L,S]) )



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @

IS[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

Vs, 1:( Det(Allo, S11) ..., Det(A[l;,S1]) ..., Det(A[l,,S;]) )

vs, :=( Det(Allo,Si1) ..., Det(All;,S) ,..., Det(All,,S) )



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @

IS[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

Vs, 1:( Det(Allo, S11) ..., Det(A[l;,S1]) ..., Det(A[l,,S;]) )

vs, :=( Det(Allo,Si1) ..., Det(All;,S) ,..., Det(All,,S) )



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @
IC[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

Vs, 1:( Det(Allo, S11) ..., Det(A[l;,S1]) ..., Det(A[l,,S;]) )

vs, :=( Det(Allo,Si1) ..., Det(All;,S) ,..., Det(All,,S) )

vs, ::< Det(Allo,S.)) ..., Det(All;,S.)) ,..., Det(All,S.]) )



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @
IC[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

Vs, 1:( Det(Allo, S11) ..., Det(A[l;,S1]) ..., Det(A[l,,S;]) )

vs, :=( Det(Allo,Si1) ..., Det(All;,S) ,..., Det(All,,S) )

vs, ::< Det(Allo,S.)) ..., Det(All;,S.)) ,..., Det(All,S.]) )



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @
IC[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

Vs, 1:( Det(Allo, S11) ..., Det(A[l;,S1]) ..., Det(A[l,,S;]) )

(P5a)-
vs, :=( Det(Allo, Si) ..., Det(All;,S) ,..., Det(All,,S:) ) dimensional
vectors.

vs, ::< Det(Allo,S.)) ..., Det(All;,S.)) ,..., Det(All,S.]) )



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @

IS[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(All,Z]) )

All subsets of size p of (p + q).

v, ::( Det(Allo, T1]) ..., Det(A[l;,T1]) ,..., Det(A[l;,Tq]) )

VT, :z( Det(Allo, T;]) ..., Det(A[l;,T:]) ,..., Det(A[l,,T.]) )

A basis of size < (p;q) for



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @

IS[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(AlL,Z]) )

vz = MvT, AT,

v, ::( Det(Allo, T1]) ..., Det(All;,T4]) ,..., Det(All,T]) )

VT, :z( Det(Allo, T;]) ..., Det(A[l;,T:]) ,..., Det(A[l,,T.]) )

o iq
Anbasis of size < (P9) for



0 # Det(Am[k,Z U Y]) = D1 Det(AlL,Z]) - Det(A[L, Y]) - @
ISp+qllll=p

vy = ( Det(Ally,Z]) ..., Det(A[l;,Z]) }..., Det(AlL,Z]) )

v, ::( Det(Allo, T1]) ..., |Det(All;,T4]) |,..., Det(All,,T]) )

vr, ::( Det(Allo, T+]) ..., | Det(A[l;,T,]) |,..., Det(A[L,T,]) )

o iq
Anbasis of size < (P9) for



0 # Det(Am[k,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @

IS[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(AlL,Z]) )

vz = MvT, AT,

vz[I =Avr [+ -+ A [T

v, ::( Det(Allo, T1]) ..., Det(A[l;,T1]) ,..., Det(A[l;,Tq]) )

VT, :z( Det(Allo, T;]) ..., Det(A[l;,T:]) ,..., Det(A[l,,T.]) )

o iq
Anbasis of size < (P9) for



0+ Det(Am[*,ZuUY]) = Z Det(Al[L, Z]) - Det(A[L,Y]) - @

IS[p+ql,lIl=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(AlL,Z]) )

vz = MvT, AT,
vzl = AvT, [+ + }\rvTr[I]
Det(A[L, Z]) = A Det(A[L T1]) + - - - -+ A, Det(A[L, T,)

v, ::( Det(Allo, T1]) ..., Det(All;,T4]) ,..., Det(All,T]) )

vr, :z( Det(A[lo, T]) ..., Det(A[l;,T.]) ,..., Det(AlL,T.]) )

o iq
Anbasis of size < (P9) for



0 # Det(Amlk,ZUY]) = > D ADet(ALL Til)-Det(AL, Y))-@
IC[p+ql,|I|=p i=1

vz = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(AlL,Z]) )

vz =Mvr A+ Ay,
vz =Avr (1 + - 4 Apvr, (1]
Det(A[L, Z]) = A1 Det(A[L, Ty]) + -+ - + AcDet(A[L, o))

vr, ::( Det(Allo, 1) ,..., Det(A[l;,T]) ,..., Det(A[l,,T]) )

v, ::( Det(Allo, T,]) »..., Det(All,T,]) ,..., Det(AlL,T,)) )

o iq
Anbasis of size < (P9) for



0 # Det(Apm[k,ZUY]) = ' D1 Det(All, T))-Det(A[L, Y))-@
i=11cp+ql,lll=p

vy = ( Det(Ally,Z)) ,..., Det(A[l;,Z]) ,..., Det(AlL,Z]) )

vz = A]VT] + 4 )\TVTr
vz[I = Mg, (1 4 - + Ay, [T
Det(All, Z]) = A Det(A[L, Tq]) + - - - + ADet(A[L, T,])

v, ::( Det(Allo, T1]) ..., Det(All;,T4]) ,..., Det(All,T]) )

vr, :z( Det(A[lo, T]) ..., Det(A[l;,T.]) ,..., Det(AlL,T.]) )

o iq
Anbasis of size < (P9) for



0 # Det(Am[3,ZUY]) = > Det(An[%,T;uY])

i=1
vz = ( Det(Allo, Z]) ..., Det(All;,Z]) ,..., Det(All,Z]) >

vz =Mvr AT,
vzl =Ny, 14+ Ay, [T
Det(A[L, Z]) = ADet(A[L, Tq]) + - - - + A, Det(A[L, T,])

v, ::( Det(Allo, T1]) ..., Det(A[l;,T1]) ,..., Det(A[l,,Tq]) )

v, :=< Det(Allo, T+]) ..., Det(A[l;,T;]) ,..., Det(A[l,,T,]) )

— .
Abasis of size < (P 9) for



0 Det(Am [, ZUY]) = > Det(An [%,T;uY])

i=1
vz = ( Det(Allo, Z]) ..., Det(All;,Z]) ,..., Det(All,Z]) >

vz =Mvr AT,
vzl =Ny, 14+ Ay, [T
Det(A[L, Z]) = ADet(A[L, Tq]) + - - - + A, Det(A[L, T,])

v Z:< Det(Allo, T1]) ..., Det(A[l;, T1]) ..., Det(A[l,Tq]) )

v :=( Det(Allo, 1) ..., Det(All;,T.J) ,..., Det(All,,T,) )

; ; +
Abasis of size < (P 9) for



0 # Det(Am[*,Z U Y]) = Z Det(Anm [, TyUY])

i=1
Note that at for at least one T;, we have that:
Det(An [k, TiUY]) # 0



0 # Det(Am[*,Z U Y]) = 2 Det(Anm [, TyUY])

i=1
Note that at for at least one T;, we have that:
Det(An [k, TiUY]) # 0

For such a T;, we know that:

O Y N T, = & (easily checked: all terms that survive have this property),
® Y U T; € I (since non-zero determinant — linearly independent columns).




0 # Det(Amlk,Z U Y]) = > Det(Ap[k,TiuY])

i=1
Note that at for at least one T;, we have that:
Det(An [k, TiUY]) # 0

For such a T;, we know that:

O Y N T, = & (easily checked: all terms that survive have this property),
® Y U T; € I (since non-zero determinant — linearly independent columns).

Thus, the sets corresponding to the basis vectors, Ty, ..., T, do form a
q-representative family.



0 # Det(Am[3,ZUY]) = > Det(An[%,T;uY])

i=1
vz = ( Det(Allo, Z]) ..., Det(All;,Z]) ,..., Det(A[l,Z]) >

vz =My, o F AT,
vzl =Ny, 1+ + Ayt [T
Det(A[L, Z]) = ADet(A[L, Tq]) + - - - + A, Det(A[L, T,])

v, ::< Det(Allo, T1]) ..., Det(A[l;,T4]) ..., Det(All;,Tq]) )

VT, ::( Det(Allo, T2]) ..., Det(All;,Ty]) ..., Det(All;,T.]) >

i i +
A basis of size (1”p 9) for



Computing Ty,..., T;.

We form a matrix with the vectors {vs,,...,vs,,..., Vs, } as the columns:



Computing Ty,..., T;.

We form a matrix with the vectors {vs,,...,vs,,..., Vs, } as the columns:




Computing Ty,..., T;.

We form a matrix with the vectors {vs,,...,vs,,..., Vs, } as the columns:

|
I
I
I
I
1
Vs,
|
I
I
I
I
|
|



Computing Ty,..., T;.

We form a matrix with the vectors {vs,,...,vs,,..., Vs, } as the columns:

| |
I I
I I
I I
I I
l l
Vs, Vs,
| |
I I
I I
I I
I I
| |
| |



Computing Ty,..., T;.

We form a matrix with the vectors {vs,,...,vs,,..., Vs, } as the columns:




ST

Computing Ty, ..

., Vs, } as the columns:

<y VSiy-.-

We form a matrix with the vectors {vs,, ..




ST

Computing Ty, ..

., Vs, } as the columns:

<y VSiy-.-

We form a matrix with the vectors {vs,, ..




ST

Computing Ty, ..

., Vs, } as the columns:

<y VSiy-.-

We form a matrix with the vectors {vs,, ..




ST

Computing Ty, ..

., Vs, } as the columns:

<y VSiy-.-

We form a matrix with the vectors {vs,, ..




ST

Computing Ty, ..

., Vs, } as the columns:

<y VSiy-.-

We form a matrix with the vectors {vs,, ..

..and compute a column basis.



[Allo,$11] [Allo,S2] ...
[Ally, S4]] [ALS2] ...

[AlL, S4]] [ALL, S]] ...

[AlL,S4)] [ALL,S2] ...

[Allo,Sil] ---
[AlL, S]] ...

[AlL, S40] ...

HA[IT) SJ]] cee

[[AHO)St”]
[AlL, Sd]

[AlL;, S4]

IIA[IT‘) St”]




t columns

[Allo, $11] [AlLo, S21]
[Ally, S1]] [AlL, S2]]

[AlL, S4]] [ALL, S]] ...

[AlL,S4)] [ALL,S2] ...

. [Al, ST ..
. [Al,S] ..

[AlL, S40] ...

HA[IT) SJ]] cee

[Allo, S¢]
[AlL, S]]

[AlL;, S4]

[AL, S]]




t columns

[Allo, $11] [AlLo, S21]
[Ally, S1]] [AlL, S2]]

[AlL, S4]] [ALL, S]] ...

[AlL,S4)] [ALL,S2] ...

. [Al, ST ..
. [Al,S] ..

[AlL, S40] ...

HA[IT) SJ]] cee

[Allo, S¢]
[AlL, S]]

[AlL;, S4]

[AL, S]]

(

p+q

rows

)



t- <p : q> Determinant Computations.



Let 2V be a linear matroid of rank p + q = k,8 ={S1, ..., St} be a p-family
of independent sets. Then there exists a q-representative of size at most (T’gq).



Let 2V be a linear matroid of rank p + q = k,8 ={S1, ..., St} be a p-family
of independent sets. Then there exists a q-representative of size at most (p:q).

Moreover, given a representation of M over a field I, we can find such a
representative family in O ((pgq)tpw +t(7.9) wfl) operations over IF.



REPRESENTATIVE SETS
Am/g/]ﬂ‘ zﬂﬁédﬁ/



