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Fat Curves– A title which is much too long to serveas
running head
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Abstract
Fat curvesin two-dimensionalEuclideanspaceare discussed.Previousworkon fat curvesis reviewedanda new
definitionis givenfor a fat curvehavinga smoothaxis.Thejoining of two fat curvesis discussedanda technique
for scan-convertingfat curvesis presented.
Note:Thisarticle hasbeenmodifiedto demonstratetheuseof LATEX andtheEGPublicationStylefile.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Line andCurve Genera-
tion

1. Intr oduction

In computergraphicsit is frequentlydesirableto representa
curve or theoutlineof anobjectas“thick” or a “f at” curve.
This is particularlytruefor high-resolutiongraphicsdevices
wherecurvesrepresentedby a chainof singlepixelsaretoo
faint or wherefor aestheticreasonsthe curve shouldhave
a fixednon-zerowidth. Thedefinitionof suchobjectspose
particulargeometricproblems.Implementingtheobjectsin
termsof rastergraphicssimilarly introducesfurther prob-
lemsin thescan-conversionprocess.

If we look to standardreferenceson algorithmsfor com-
puter graphicssuchas Pavlides1 then we do not find the
fat line or curve concept.In fact thereareonly two funda-
mentalconceptsconsideredby Pavlides1: a thin curve with
anorientation-dependentaveragewidth rangingfrom 1��� 2
pixels to 1 pixel anda full region. Fat curvesaresubsumed
underthe full region conceptandno considerationis given
to theparticularproblemsencounteredin dealingwith them.

We want hereonly show a possiblecitation, suchasthe
typical citation of the Foley et al. book 2 or a well known
paperon ray tracing of volumetric dataset5. Fat lines are
discussedin Bresenhamundertheconceptof Widelinesand
he posesa numberof questionsrelating to this concept.A
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fundamentalquestionis how thefat linesareterminatedand
what theassumptionsarewhensuchlinesarejoined at de-
creasingangles.To quoteBresenham:

Is Wideline a consistentconcept,or is it a poorly
specifiedandincompletelydefinedattemptto set
up an implicit but fuzzily understoodreference
model of areasin contrast to lines? What is
the shapeof wideline ends?Is line width a ge-
ometric property in our original modeling co-
ordinatespace,or is suchthicknessonly apicture-
renderingcosmeticattribute akin to pseudo-pen
size in final rasterspace?How shouldprojective
transformationsaffect Widelines? If width is a ge-
ometric attribute, what is the implied boundary
definition?

In thispaperwediscusssomeof theproblemsposedby Bre-
senhamandwe suggestsolutionsbothin theunderlyingge-
ometricsettingandin therasterplane.Wefirst giveaprecise
definitionof afat line or curveasacontinuousgeometricob-
ject.Then,usingthis definition,we developnew algorithms
implementingscan-conversionfor suchcurves.

In the next sectionwe survey previous definitionsof fat
linesconcludingwith thespecificproblemsthatwe attempt
to solve in this paper. In Section4 we considertheanalytic
definition of smoothfat curvesandwe verify somesimple
properties.The problemof joining fat curves is then dealt
with andwe introducethe conceptof a piece-wisesmooth
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fat curve. Finally we give a methodfor thescan-conversion
of thefat curveswe definedin theprevioussections.

2. Previous Work

Fat linesarediscussedin several recentpapers,but herewe
cite papersthat have nothing in commonwith the fat line
topic 5� 4� 6 � 7. The conceptis alsousedby several advanced
workstations(seefor examplethe IRIS User’s Guide)and
by typesettingsystemssuchasPostScript.

Perhapsthemostrelevantdiscussionis foundin thepaper
by Posch-Fellner.3 They discussanalgorithmcalledoptions
for doubleprecisionarithmetic.The impactof usingsingle
precisionarithmeticis demonstratedin Table1. Evenwhen
compiledwith the doubleprecisionoption, theprogramby
Douglasproducesresultswhich deviate significantly from
thoseproducedby others.Theformulausedto calculatethe
squaresof offsetvaluespresentedin Table1 is asfollows:
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In a recentdebateon theaccuracy of floatingpoint calcula-
tions,Hugginsstatedthat the arbitrary-precisionarithmetic
language‘bc’ could be usedto obtain preciseresults.We
usedthis UNIX utility to calculateoffset valuesfor points
C andD. On theVAX 8200,SEQUENT SYMMETRY and
SUN3/60,bc returnedidenticalvaluesfor thesepoints:

C: 28143.490838958534 D: 28143.49083895834

Forrest(p. 721) pointedout the well known fact that float-
ing point calculationsare still very much machinedepen-
dent.Machinedependency exposedfurtherproblems,which
could be treatedasproblemsof implementationbut which
arearguablymoreconceptualin natureasexplainedin the
following sections.

2.1. Equidistant points fr om the anchor-floater line

Thealgorithmis basedon theassumptionthat linesmaybe
subdivided in anunambiguousmannerusingthemaximum
perpendicularoffset.To our knowledge,theproblemof two
or morepointsbeingequidistantfrom theanchor-floaterline
hasnever beenconsidered.Indeed,we only becamecon-
sciousof this possibility when the sameprogramyielded
differentresultson ICL 3980andSUN 3/60 computers.A
sampleproblemis illustratedin Figure5. PointsC andD are
equidistantfrom the anchor-floater line A–B. The inexact
representationof floating point numbersresultsin C being
selectedon SUN workstationsandD beingselectedon the
ICL computerby thesameprogram.With doubleprecision
arithmetic,theerrorsarenegligible but areneverthelesssuf-
ficient to generatedifferentresultssincepublishedprograms

tendto useeithera “greaterthan” or “less than” condition.
GIMMS andtheprogramsby DouglasandWadeselectthe
first point from a setof identicaloffsets.White’s program
selectsthe last. The resultsthereforeare variableand be-
comedependenton thedirectionof digitisingof lines.If, on
the other hand,we selecta point from this setat random,
theprocedurewould becomeblatantlyarbitrary. This prob-
lemposesotherimplications,whichwewill now examinein
greaterdetail.

Figure1: Here is a samplefigure.

3. Our proposalin detail

This sectiondescribesin detailour proposal,asgraphically
shown also in Figure 1, with a non-sensetext. Non-sense
text follows text text text text text text text text text texttext
text text text texttext text text text texttext text text text text-
text text text text texttext text text text texttext text text text
texttext text text text texttext text text text texttext text text
text texttext text text text texttext text text text texttext text
text text texttext text text text texttext text text text texttext
text text text texttext text text text texttext text text text text-
text text text text texttext text text text texttext text text text
texttext text text text texttext text text text text.

4. Digitising Err ors

Likemostcartographicalgorithms,theDouglas–Peucker al-
gorithmdoesnot fully addresstheissueof digitising errors.
Whenestimatingtruth values,it is usuallyassumedthatthe
trueline (in this casetheanalogueline) lies within theerror
bandof the digitised line. This bandis also known as the
Perkalepsilonband.In his review on issuesrelatingto the
accuracy of spatialdatabases,Goodchild5 indicatedthat re-
searchershave proposeduniform,normalandevenbimodal
distributions of error acrossthis band.This conceptpro-
videssomebasisfor estimatingthepositionof the true line
at locationsbetweendigitisedpoints.Here,we aremerely
concernedwith the accuracy of digitised points.Whilst it
is probablethat operatorsdigitise pointsalonghigh curva-
turesmorecarefully thanat intermediatepositions,thereis
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at presentno soundbasisfor modelling the distribution of
erroralongtheline. As in theCircularMap Accuracy Stan-
dard,it is usualto assumea bivariatenormaldistribution of
error whenestimatingthe positionof the true point. In the
context of line simplification,absolutepositionalaccuracy
is lessimportantthantherelative positionof pointsdescrib-
ing theshapeof featuresalongtheline.

TheDoE/SDDboundarydatacontainsomegrossdigitis-
ing errors.For example,inlet X in Figure2c doesnot fea-
tureonconventionalOrdnanceSurvey 1:50000mapsof the
area.Thedataarealsonotveryaccuratewherecoastlinesare
convoluted.Even if we ignoretheseandothergrosserrors,
suchasspikes,therewill alwaysbe an elementof random
error in digitiseddata.It is reasonableto assumethatpoints
digitisedfrom 1:50000 sourcematerialmay only be accu-
rateto within ����
 5 metres.This algorithmdoesnot lead
to a substantialaccumulationof roundingerrors,hencethe
numericalerrorsdiscussedearliertendto beverysmallcom-
paredwith digitisingerrors.

Figure 2: Anotherwayof embeddinga PSfile by explicitly
specifyingtheboundingbox.

For thepurposesof ourargument,it is unnecessaryto un-
dertake an exhaustive evaluationof the consequencesDou-
glasandPeuckerhave treatedoverhangsandclosedloopsas
differentproblems,andhave useddifferentmethodsto cope
with eachcase.

4.1. Numerical Problems

TheFORTRAN programsby Douglas,White,andWadeuse
singleprecisionREALSwhencomputingoffsets(seeresults
in Table 1). Whilst doubleprecisionaccuracy may be at-
tainedthroughthe useof compiler options,we areunsure
whetherpreviousresearchhasbeenbasedonprogramscom-
piled in this manner. Wade’s programwasso compiledfor
usein ourpreviousevaluations.ForreststatedthatRamshaw
(1982)hadto adoptcarefully tuneddoubleandsinglepre-
cision floating point arithmeticto computethe intersection
of line segmentswhoseendpointsweredefinedasintegers.
Forrestexclaimed“This is an object lessonto us all: con-
structinggeometricobjectsdefinedon a grid of points,re-
quiring tenbits for representationcanleadto doublepreci-
sionfloatingpoint arithmetic!”.

Most evaluative studiesdo not cite the co-ordinatesin
use.We do not know whetherthe publishedtestlineswere

in original digitiser co-ordinatesor whetherthey hadbeen
converted to geographicreferences.British National Grid
co-ordinatesfor the administrative boundariesof England,
ScotlandandWales(digitisedby theDepartmentof Environ-
ment(DoE) andScottishDevelopmentDepartment(SDD))
are input to onemetreaccuracy andrequireseven decimal
digits for representationif we include the northernislands
of Scotland.At theSouthWestUniversitiesRegionalCom-
puterCentretheseco-ordinateshavebeenroundedto 10me-
treresolution;eventhisrequiressix decimaldigits.Seamless
cartographicfiles at continentalandglobalscalesusemuch
largerrangesof geographicco-ordinates.

Machine Points Calculatedsquaresof offsetvalues
SinglePrecision DoublePrecision

ICL 3980
(C) 28199.351562500 28143.490838958
(D) 28171.789062500 28143.490838961

VAX 8200
(C) 28253.095703125 28143.490838958
(D) 28165.806640625 28143.490838958

SEQUENT SYMMETRY
(C) 28145.100000000 28143.490838961
(D) 28145.100000000 28143.490838961

SUN3/60
(C) 28253.095703125 28143.490838961
(D) 28165.806640625 28143.490838961

NOTES

Offsetsof points C and D from the anchor-floor line A–B as cal-
culatedusingWade’s program.PointsA, B, C andD are shownin
Figure 5. TheBritish National Grid coordinates(in metres)of the
pointsareasfollows:
PointA 238040 (x1) 205470 (y1) ANCHOR
PointB 237890 (x2) 205040 (y2) FLOATER
PointC 237810 (x3) 205320 (y3)
Pointd 238120 (x3) 205190 (y3)

Notethat the above co-ordinatesmaybe usedin conjunctionwith
the expressionpresentedin section3.2.2a to check the tabulated
results.

Table1: ThePrecisionof Calculations

A limited numberof papersactuallydescribedimproved
for new algorithmsor methodsfor visualization5 � 6 � 7. This
may be causedby the complexity of the environment in
which a methodis used;issuesof systemarchitecture,user
interface,datahandling,etc.mustbedealtwith beforeanew
presentationtechniquecanshow its full advantage.But even
so,wethink thefield canusemorecontributionsof thistype.

Therewasalsoa discussionsessionon the meritsof an-
imationandspecialeffects(suchassound)to supportvisu-
alization.For example,in the areaof flow visualization,it
is quitecommonto useanimation,andtechniquesfor video
registrationhave beendeveloped.
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5. Issuesin Visualization

Scientific visualizationis an interdisciplinaryfield, which
can only flourish whencomputergraphicsexpertscooper-
ate with specialistsfrom applicationareas,and providers
of computing,visualization,anddatamanagementfacilities.
Therefore,it is essentialthatall of theseviewpointsarerep-
resentedin researchprojectsandalso in meetingssuchas
this workshop.It is not enoughthat suitabledisplay algo-
rithms,datastructures,or userinterfacesbe developed,but
alsothatthesebeintegratedin usablesystemsandevaluated
by expertusers.Thiscomplex environment,andthecomplex
systemsit requires,call for a commonlanguagebetween
differentpartiesinvolved,andthereforea referencemodel,
or anabstractdescriptionsummarizingtheentireprocessof
datavisualization,is needed.

At theDelft workshop,anattemptwasmadeto continue
themeetingsof sub-groupsasstartedin Clamart1, but it ap-
pearedthatausefuldescriptionof sub-areasor sub-problems
shouldbe basedon a stableconceptualframework. Except
for the flow visualizationgroup, the subgroupdefinitions
wereabandoned,andinsteadit wasdecidedto concentrate
on designof an initial referencemodel; a first attemptis
currentlybeingundertakenby Lesley CarpenterandMichel
Grave.At thesametime,theseparateflow visualizationsub-
group(chairedby Hans-Georg Pagendarm)agreedto design
a generalmodelof the flow visualizationprocess!In addi-
tion, arrangementsweremadefor theexchangeof testdata
setsfor systemevaluation,andtheexchangeof information
onandexperiencewith visualizationsoftware.

Specialdiscussionsessionswereheld aboutthe practice
the “circle-brush” algorithm.In this algorithma solid disk
is assumedto move along a trajectory in R2. This trajec-
tory is thenscan-convertedinto the rasterplane.andexpe-
rienceof theStardentAVS system,andaboutgeneralevalu-
ationmethodsfor visualizationsoftware.Thereis anobvious
needto shareexperienceor even make a formal (compara-
tive)evaluationof systems,but this is alsohamperedby lack
of a commonframework, andalsoby thecontinuingdevel-
opmentof visualizationsystems.

Interactive visualizationwas also an interestingsubject
for discussion,which yieldeda lively debate1. In a session
aboutvisualizationfacilities, it wassuggestedfrom experi-
encethatlargeresearchinstitutesmightwell have to employ
specialized‘visualizationexperts’,tobridgethegapbetween
complex numericalsimulationsandsophisticatedvisualiza-
tion facilities.

6. Results

This sectiononly refersa tablewith somenumericalresults
(seeTable1).
Non-sensetext follows text text text text text text text text
text text text text text text text text text text text text text text
text text text text text text text text text text text text text text

text text text text text text text text text text text text text text
text text text text text text text text text text text text text text
text text text text text text text text texttext text text text text.

7. Conclusions

Hereareconclusionsandpossibleextensions.As shown by
the resultsreportedin Section6 andin Figure3 (seecolor
plates), conclusionsconclusionsconclusionsconclusions
conclusionsconclusionsconclusionsconclusionsconclu-
sionsconclusionsconclusionsconclusionsconclusionscon-
clusionsconclusionsconclusionsconclusionsconclusions
conclusionsconclusions.Conclusionsconclusionsconclu-
sionsconclusionsconclusionsconclusionsconclusionscon-
clusionsconclusionsconclusionsconclusionsconclusions
conclusionsconclusionsconclusionsconclusionsconclu-
sionsconclusionsconclusionsconclusionsconclusionscon-
clusionsconclusionsconclusions.
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Figure3: Here are two samplecolor figures.
MIND: for thepintedversion– andONLYfor theprintedversion– color figureshaveto beplacedin thelastpage.
For the electronic version, which will be convertedto PDF before makingit availableelectronically, the color
imagesshouldbe embeddedwithin the document.Optionally, other multimediamaterial maybe attachedto the
electronicversion.
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