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Let’s Start with a Puzzle

Cinderella and the wicked stepmother play a game

[Bodlaender/Hurkens/Kusters/Staals/Woeginger/Zantema, IFIP TCS, 2012]
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• Each can hold  B liters of water≤
• Initially all buckets are empty
• The stepmother and cinderella take turns:

• Stepmother brings 1 liter of water and 
splits it as she likes into the five buckets.
If any bucket overflows, stepmother wins!
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If the game goes on forever, cinderella wins!

Cinderella and the wicked stepmother play a game

Who wins? Depends on the capacity B of the buckets.
Minimal B such that cinderella wins?
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Let’s Start with a Puzzle

• Five buckets arranged in a circle 

• Each can hold  B liters of water 
• Initially all buckets are empty 
• The stepmother and cinderella take turns: 

• Stepmother brings 1 liter of water and 
splits it as she likes into the five buckets. 
If any bucket overflows, stepmother wins! 

• Cinderella empties two adjacent buckets 
If the game goes on forever, cinderella wins!

≤

Cinderella and the wicked stepmother play a game

Claim: Cinderella wins if B = 2.
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Let’s Start with a Puzzle

Claim: Cinderella wins if B = 2.

Let’s see that Cinderella can enforce that 

 

always holds for the water in some buckets 
a1, a2, a3, a4, a5 (ordered starting from a1) 

Clearly she wins if this is the case.

(a1 + a3 < 1) ∧ (a2 ≤ 1) ∧ (a4 = 0) ∧ (a5 = 0) a1

a2a3

a4

a5
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Let’s Start with a Puzzle

Suppose (a1 + a3 < 1) ∧ (a2 ≤ 1) ∧ (a4 = 0) ∧ (a5 = 0)
at the begging  of some round.

Stepmother adds 1 liter in total 
resulting in .a1′￼, a2′￼, a3′￼, a4′￼, a5′￼

Note that either .(a1′￼+ a4′￼< 1) or (a3′￼+ a5′￼< 1)

Then:
• If , Cinderella empties 2 and 3.(a1′￼+ a4′￼< 1)
• If , Cinderella empties 1 and 2.(a3′￼+ a5′￼< 1)
In both cases she guarantees that invariant is enforced 
regardless of stepmother.

a1

a2a3

a4

a5
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Let’s Start with a Puzzle and Use Synthesis

• Five buckets arranged in a circle 

• Each can hold  B liters of water 
• Initially all buckets are empty 
• The stepmother and cinderella take turns: 

• Stepmother brings 1 liter of water and 
splits it as she likes into the five buckets. 
If any bucket overflows, stepmother wins! 

• Cinderella empties two adjacent buckets 
If the game goes on forever, cinderella wins!

≤

Cinderella and the wicked stepmother play a game

Claim: Cinderella wins if B = 2.

Let’s use synthesis to check that there exists a strategy for cinderella when B=2
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Lectures Outline

• Specification formalisms for infinite-state reactive systems 

• Main approaches to realizability checking and synthesis 

• Naive symbolic methods and their limitations 

• Symbolic methods enhanced with logical reasoning 

• for solving realizability/synthesis games 

• for translation of temporal logic formulas  

• combining symbolic methods and abstraction 
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Naive Symbolic Methods Fail on Simple Problems

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5

Spec: reach  from   for any initial value in lG l0 x

Trying to compute  the set of 
states from which the system wins

WSys

• Locations  

• Input variables  

• Program variables 

{l0, lG}
{i}

{x}



9

Naive Symbolic Methods Fail on Simple Problems

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5

Spec: reach  from   for any initial value in lG l0 x

Attr0
Sys := {l0 ↦ ⊥ , lG ↦ ⊤ }

Trying to compute  the set of 
states from which the system wins

WSys

• Locations  

• Input variables  

• Program variables 

{l0, lG}
{i}

{x}



9

Naive Symbolic Methods Fail on Simple Problems

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5

Spec: reach  from   for any initial value in lG l0 x

Attr0
Sys := {l0 ↦ ⊥ , lG ↦ ⊤ }

Attr1
Sys := {l0 ↦ x ≤ 42, lG ↦ ⊤ }

Trying to compute  the set of 
states from which the system wins

WSys

• Locations  

• Input variables  

• Program variables 

{l0, lG}
{i}

{x}



9

Naive Symbolic Methods Fail on Simple Problems

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5

Spec: reach  from   for any initial value in lG l0 x

Attr0
Sys := {l0 ↦ ⊥ , lG ↦ ⊤ }

Attr1
Sys := {l0 ↦ x ≤ 42, lG ↦ ⊤ }

Attr2
Sys := {l0 ↦ x ≤ 43, lG ↦ ⊤ }

Trying to compute  the set of 
states from which the system wins

WSys

• Locations  

• Input variables  

• Program variables 

{l0, lG}
{i}

{x}



9

Naive Symbolic Methods Fail on Simple Problems

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5

Spec: reach  from   for any initial value in lG l0 x

Attr0
Sys := {l0 ↦ ⊥ , lG ↦ ⊤ }

Attr1
Sys := {l0 ↦ x ≤ 42, lG ↦ ⊤ }

Attr2
Sys := {l0 ↦ x ≤ 43, lG ↦ ⊤ }

Does not terminate …

Trying to compute  the set of 
states from which the system wins

WSys

• Locations  

• Input variables  

• Program variables 

{l0, lG}
{i}

{x}



9

Naive Symbolic Methods Fail on Simple Problems

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5

Spec: reach  from   for any initial value in lG l0 x

Attr0
Sys := {l0 ↦ ⊥ , lG ↦ ⊤ }

Attr1
Sys := {l0 ↦ x ≤ 42, lG ↦ ⊤ }

Attr2
Sys := {l0 ↦ x ≤ 43, lG ↦ ⊤ }

Does not terminate …

Trying to compute  the set of 
states from which the system wins

WSys

Idea: 

accelerate to compute 

WSys = {l0 ↦ ⊤ , lG ↦ ⊤ }

• Locations  

• Input variables  

• Program variables 

{l0, lG}
{i}

{x}
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Idea: Accelerate Symbolic Game Solving

Intuitive argument  

Whatever the starting value of   is at , 
if the system can enforce that it can  

either reach  in one step  

or can decrement  and get back to ,  

then eventually  or  will be reached.

x l0

lG
x l0

x ≤ 42 lG
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[Heim/Dimitrova, POPL 2024]



10

Idea: Accelerate Symbolic Game Solving

Intuitive argument  

Whatever the starting value of   is at , 
if the system can enforce that it can  

either reach  in one step  
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Attractor acceleration informally 

• From  in  the system can reach the goal 

• The system can ensure to decrement  from  back to  (or reach ) 

➡From  in  the system can also reach the goal

x ≤ 42 l0
x l0 l0 lG

x > 42 l0
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Acceleration Lemmas

Formalize the intuition: Whenever , if the system can ensure that 
it can decrement , then eventually  will be reached.

x > 42
x x ≤ 42

Acceleration Lemma [Heim/Dimitrova, POPL 2024] 

Triple , ,  of FOL formulas 

•  

•  

•  

(base step conc)
conc = ⊤
step = x′￼< x
base = x ≤ 42

For infinite sequence of states  
•  
•  
➡  

Condition does not depend on game!

α
α[0] ⊧ conc
∀i . ⟨α[i], α[i + 1]⟩ ⊧ step
∃k . α[k] ⊧ base
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Applying Acceleration Lemmas

Non-terminating attractor computation: 

 

 

…

A0 = {l0 ↦ ⊥ , lG ↦ ⊤ }
A1 = {l0 ↦ x ≤ 42, lG ↦ ⊤ }
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Non-terminating attractor computation: 

 

 

…

A0 = {l0 ↦ ⊥ , lG ↦ ⊤ }
A1 = {l0 ↦ x ≤ 42, lG ↦ ⊤ }

Attractor acceleration 

Lemma , ,  

• system reaches goal from  in  

• system can enforce  from  to  

➡ system can reach the goal from  in 

(x ≤ 42 x′￼< x ⊤)
x ≤ 42 l0

x′￼< x l0 l0
⊤ l0

Acceleration Lemma Application

Non-terminating attractor computation:
A0: lG 7! >, l0 7! ?
A1: lG 7! >, l0 7! x  42
. . .
Attractor Acceleration
Lemma (x  42, x0 < x,>)

• system reaches goal from x  42 in l0
• system can enforce x0 < x from l0 to l0

) System can enforce > in l0

) Add > to attractor in l0

A0 A1 . . .

conc

step

base

A2

7
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Checking Acceleration Lemmas: Loop Games

To establish: system can enforce  from  to step = x′￼< x l0 l0

Specification: Symbolic Games

l0 lG

i →= 0 ↑ x > 42↑
(x→ = x + i ↓ x→ = x ↔ i) ↗

i = 0 ↓ x ↘ 42

• Locations l0, l1,err

• Winning condition, here: avoid err

5
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Checking Acceleration Lemmas: Loop Games

To establish: system can enforce  from  to step = x′￼< x l0 l0

loop game for l0

winning condition: reaching  with  satisfied, or reach lEnd step {l0 ↦ x ≤ 42, lG ↦ ⊤ }

<latexit sha1_base64="MJWzu87MqJN/LWN/D804HGMaxno="></latexit>

l0lEnd lG

i →= 0 ↑ x > 42↑
(x→ = x+ i ↓ x→ = x↔ i) i = 0 ↓ x ↗ 42

x→ = xx→ = x

to apply lemma  at location  when  (base, step, conc) l0 Attr1
Sys := {l0 ↦ x ≤ 42, lG ↦ ⊤ }
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Checking Acceleration Lemmas: Loop Games

To establish: system can enforce  from  to step = x′￼< x l0 l0

Intuition: strategy in the loop game corresponds to a sub-procedure to enforce .step

Solving the loop game might require acceleration. Nested acceleration needed.

loop game for l0

winning condition: reaching  with  satisfied, or reach lEnd step {l0 ↦ x ≤ 42, lG ↦ ⊤ }

<latexit sha1_base64="MJWzu87MqJN/LWN/D804HGMaxno="></latexit>

l0lEnd lG

i →= 0 ↑ x > 42↑
(x→ = x+ i ↓ x→ = x↔ i) i = 0 ↓ x ↗ 42

x→ = xx→ = x



<latexit sha1_base64="sY+p5QRTCg9rMAZP8lOXdmOdaJk="></latexit>

q0 q1

i →= 0 ↑ x > 42↑
(x→ = x↓ i ↔ x→ = x+ i)

i →= 0 ↑ y > 42↑
(y→ = y ↓ i ↔ y→ = y + i)

x ↗ 42 ↑ y ↗ 42 ↔ i = 0

↘

18

It Is Not Always “That Simple”

Spec: reach  from   for any initial value in q1 q0 x, y



<latexit sha1_base64="sY+p5QRTCg9rMAZP8lOXdmOdaJk="></latexit>

q0 q1

i →= 0 ↑ x > 42↑
(x→ = x↓ i ↔ x→ = x+ i)

i →= 0 ↑ y > 42↑
(y→ = y ↓ i ↔ y→ = y + i)

x ↗ 42 ↑ y ↗ 42 ↔ i = 0

↘

18

It Is Not Always “That Simple”

Apply acceleration twice, for example 

• first for  with invariant  

• then for  with invariant  

x y ≤ 42
y ⊤

Spec: reach  from   for any initial value in q1 q0 x, y
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Computing Acceleration Lemmas
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Computing Acceleration Lemmas

Naive approach: 

• generate acceleration lemmas based on templates

• if the application is not successful, backtrack 

Problem: large search space, nested acceleration relates lemmas

Our solution: [Heim/Dimitrova, POPL 2024]

• perform attractor computation using uninterpreted lemmas 

• collect constraints on the unknown lemmas during computation

• generate lemmas from templates that satisfy the collected constraints
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The generated acceleration lemmas must satisfy 

• the conditions from the definition of acceleration lemma 

• the constraint generated during symbolic acceleration

Instantiating Uninterpreted Lemmas
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The generated acceleration lemmas must satisfy 

• the conditions from the definition of acceleration lemma 

• the constraint generated during symbolic acceleration

Instantiating Uninterpreted Lemmas

Search for lemmas of the form   

            

•  is a function term of real or integer type and  is a constant 

•  is a formula (representing an invariant where the lemma is applicable)

(r(𝕏) ≤ 0 ∧ inv, r(𝕏′￼) ≤ r(𝕏)−ϵ ∧ inv[𝕏 ↦ 𝕏′￼], inv)

r ϵ > 0
inv
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Instantiating Uninterpreted Lemmas

Search for lemmas of the form   

           

Use templates for   and .  
Use SMT solver to find instantiations that satisfy the constraints.

(r(𝕏) ≤ 0 ∧ inv, r(𝕏′￼) ≤ r(𝕏)−ϵ ∧ inv[𝕏 ↦ 𝕏′￼], inv)
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• Classical attractor steps  book-keeping⟶
• Uninterpreted lemmas and quantifier elimination   function synthesis⟶

Challenges:

• Skolem function computation

• size of generated formulas  existing function synthesis tools not applicable in practice⟹
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An Alternative Approach Implemented in Issy

Geometric acceleration [Heim/Dimitrova, CAV 2025]

• Use high-level information from the game 
when trying to apply acceleration

• Search for acceleration lemma guided by 
current subset of the attractor

• Analyze variable behavior

➡ In many cases performs better
➡ Easier to extract implementations

Results: New Acceleration Method
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Benchmark set RPGs TSLMTs New Issy

Total number 105 94 55

Geom. accel. 88 40 40
Unin. accel. 62 32 40
Geom. accel. + mon. prun. - 72 42
Unin. accel. + mon. prun. - - 41
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The environment wins the game for every possible state,  since 
the value of  chosen in   bounds the number of visits to .x l0 l1

Spec: visit location  infinitely oftenl1

This argument cannot be captured with attractor acceleration,                   
as the environment cannot force the system to decrease .x
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Acceleration Beyond Attractors: Büchi Games

Player  with Büchi objectivep

: states from which Player  wins  

with at most  visits to the set of states   

wn
1−p 1 − p

n f

57:12 Philippe Heim and Rayna Dimitrova

function S!"#$B%&’(G)*$( G, p, 𝐿 )
1 𝐿 0 := 𝑀𝑁 . →; 𝐿 1 := 𝐿 ;𝑂0

1↑𝐿 := 𝑀𝑁 .↓
2 for 𝑃 = 1, 2, . . . do
3 if 𝐿 𝑀 ↔𝑁 𝐿 𝑀↑1 then return𝑂𝑀↑1

1↑𝐿
4 𝑄𝑀 := A!!"#$!%"(G, 𝑅, 𝐿 𝑀)
5 𝑂𝑀

1↑𝐿 := A!!"#$!%"(G, 1 ↑ 𝑅,¬CPreG,𝐿 (𝑄𝑀))
6 𝐿 𝑀+1 := 𝐿 𝑀 ↗ ¬𝑂𝑀

1↑𝐿

Algorithm 2: Symbolic semi-algorithm for computing the set of states winning for Player 1↑𝑅
in a game with a Büchi objective for Player 𝑅 with set of accepting states represented by 𝐿 .

Algorithm 1 can be used to compute A!r!G",𝐿 (𝑆) symbolically, given a symbolic representation
of 𝑆. Fig. 4b shows an example of such a computation, and the next proposition states its soundness.

P"%&%’(!(%) 6.1. Let G be a reactive program game structure, p ↘ {Sys, Env} and 𝑇 ↘ D. If
A++,)&+!,(G,𝑅 ,𝑇) terminates and returns a!r , then !𝑄𝑈𝑈𝑉" = A!r!G",𝐿 (!𝑇").

6.2 Symbolic Game Solving
In reactive program games we consider objectives de!ned in terms of the locations appearing in a
play. Below we recall the de!nitions of common types of objectives and the classical algorithms for
solving such games, formulated symbolically in the context of reactive program games.

Reachability and Safety Games. The reachability objective Reach(𝑆) for 𝑆 ≃ 𝑊, requires that some
state with location in 𝑆 is visited eventually. Formally, Reach(𝑆) := {𝑋 ↘ S𝑂 | ⇐𝑃 ↘ N. loc(𝑋 [𝑃]) ↘
𝑆}. The dual, safety objective Safety(𝑌) for 𝑌 ≃ 𝑊, requires that only locations in 𝑌 are visited by
the play. Formally, Safety(𝑌) := {𝑋 ↘ S𝑂 | ⇒𝑃 ↘ N. loc(𝑋 [𝑃]) ↘ 𝑌}.
Reactive program games with reachability objectives for a Player 𝑅 can be solved by applying

Algorithm 1 to compute the Player 𝑅-attractor for the set of states with locations in 𝑆. More
concretely, Theorem 6.1 directly implies that𝑍𝐿 (!G", Reach(𝑆)) = !A!!"#$!%"(G, 𝑅, {𝑁 ⇑⇓ Inv(𝑁) |
𝑁 ↘ 𝑆})" holds if the iteration in A!!"#$!%"(G,𝑅 ,{𝑁 ⇑⇓ Inv(𝑁) | 𝑁 ↘ 𝑆}) terminates.

Since safety is dual to reachability, we can solve a reactive program game with safety objective
Safety(𝑌) for Player 𝑅 by solving the game with a reachability objective for Player 1↑𝑅 where the set
of goal locations is 𝑊 \ 𝑌 . More precisely, we call Algorithm 1 as A!!"#$!%"(G,1 ↑ 𝑅 ,({𝑁 ⇑⇓ Inv(𝑁) |
𝑁 ω 𝑌}). If it terminates and returns a!r , then we have that𝑍𝐿 (!G", Safety(𝑌)) = !¬a!r ↗ Inv".

Büchi and Co-Büchi Games. The Büchi objective Buchi(𝑎) for a set of accepting locations 𝑎 ≃ 𝑊,
requires that 𝑎 is visited in!nitely often: Buchi(𝑎) := {𝑋 ↘ S𝑂 | ⇒𝑏 ↘ N.⇐𝑃 > 𝑏. loc(𝑋 [𝑃]) ↘ 𝑎}.
The dual, co-Büchi objective coBuchi(𝑐) for rejecting locations 𝑐 ≃ 𝑊 requires that 𝑐 is visited only
!nitely many times: coBuchi(𝑐) := {𝑋 ↘ S𝑂 | ⇐𝑏 ↘ N.⇒𝑃 ⇔𝑏. loc(𝑋 [𝑃]) ω 𝑐}.
Employing the symbolic attractor computation procedure in Algorithm 1, we lift the classical

algorithm for solving !nite-state games with Büchi and co-Büchi objectives to a procedure for
solving reactive program games with these objectives. The procedure, given in Algorithm 2, is
based on a nested !xpoint computation, as the classical algorithm. The inner !xpoint iteration
computes attractor sets for the Player 𝑅 with Büchi objective Buchi(𝑎), and the outer !xpoint
iteration computes increasing underapproximations of the set of winning states for the Player 1↑ 𝑅
with co-Büchi objective coBuchi(𝑎). At each iteration, we !rst compute 𝑄𝑀 , which represents the
states from which Player 𝑅 can enforce a visit to 𝐿 𝑀 , by calling Algorithm 1. Then, we compute
𝑂𝑀

1↑𝐿 , which represents the states from which Player 1 ↑ 𝑅 can prevent Player 𝑅 from revisiting 𝐿 𝑀 .
This is done by calling Algorithm 1 to compute an attractor for Player 1 ↑ 𝑅 .

Proc. ACM Program. Lang., Vol. 8, No. POPL, Article 57. Publication date: January 2024.
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𝐿0 𝐿1

𝐿2 𝐿3

→ skip →
skip→

𝑀 := 𝑀
↑ 1

𝑀 ↓ 0 skip𝑀
>
0

sk
ip

→
skip

(a) Game with integer program variable 𝐿 .

𝑀 0 𝑁0 𝑂1
1↑𝑁 𝑀 1 𝑁1 𝑂2

1↑𝑁 ...
𝑃0 → → 𝐿 ↓ 1 𝐿 > 1 𝐿 > 1 𝐿 ↓ 2 ...
𝑃1 ↔ 𝐿 > 1 𝐿 ↓ 1 ↔ 𝐿 > 2 𝐿 ↓ 2 ...
𝑃2 ↔ 𝐿 > 0 𝐿 ↓ 1 ↔ 𝐿 > 1 𝐿 ↓ 2 ...
𝑃3 ↔ ↔ → ↔ ↔ → ...

(b) Sets computed during the procedure.

Fig. 7. Example demonstrating the need for acceleration of the computation of the set𝑂𝑂
1↑𝑁 in the procedure

for solving Büchi games outlined in Section 6.

original attractor are reached, we add a jump back to the respective location of G. If 𝑃End is reached,
the program jumps back to the label of 𝑃 . If IterA applies acceleration (invokes AccA) we apply this
extraction process recursively.
The result is a program skeleton from which we still have to remove the uninterpreted lemma

symbols. After InstantiateLemmas has found and instantiation with concrete lemmas, we use this
instantiation to replace all occurrences of uninterpreted lemma symbols in the conditions of the
extracted program. In our running example, when generating the program in Figure 1b, we will
!rst get a program including statements of the form if(step(𝐿0, 𝐿 + 𝑄)){ 𝐿:=𝐿 + 𝑄; goto 𝑃𝑃𝑄}. Then,
we plug in the acceleration lemma from Example 7.2 and step(𝐿0, 𝐿 + 𝑄) becomes 𝐿 + 𝑄 < 𝐿0 (as 𝐿 + 𝑄
corresponds to 𝐿 ↗ in step and 𝐿0 to 𝐿 ) which is exactly the statement that we have in Figure 1b.

7.3 Acceleration Beyond A!ractors
The symbolic semi-algorithm for solving Büchi games (and, by duality, co-Büchi games) outlined in
Section 6 is accelerated by using A!!"#$!%"A$$ instead of A!!"#$!%". This amounts to replacing
the calls in lines 4 and 5 in Algorithm 2 by calls toA!!"#$!%"A$$. This accelerates the computation
of attractor sets in the solving procedure, and helps the overall computation of the set of winning
states to converge. More concretely, at line 4 A!!"#$!%"A$$ accelerates the computation of the set
of states from which the Büchi player can reach an accepting location. At line 5, the acceleration
is applied for the co-Büchi player, accelerating the computation of the set of states winning for
the co-Büchi player. For the Büchi game in Example 3.3 the procedure for solving Büchi games
with accelerated attractor computation successfully terminates. The evaluation in Section 9 further
demonstrates the usefulness of attractor acceleration for solving Büchi games.
We now show an example where the convergence of A!!"#$!%"A$$ is insu"cient to ensure

the convergence of the procedure for Büchi games. Consider the reactive program game structure
in Figure 7a and the Büchi objective for Player Sys de!ned by 𝑅 := {𝑃0}. That is, the objective of
Player Sys is to visit location 𝑃0 in!nitely often. The table in Figure 7b shows the computation of the
procedure in Algorithm 2. We observe that the sets𝑂 𝑅

1↑𝑁 will keep growing, and the computation
never terminates. Player Env wins the game for every possible state since the initial value of
𝐿 bounds the number of visits to 𝑃0. However, this argument cannot be captured with attractor
acceleration, as Player Env cannot force Player Sys to decrease 𝐿 .

More abstractly, attractor acceleration cannot su"ciently enlarge the set𝑂 𝑅
1↑𝑁 to enforce conver-

gence of the outer loop of the procedure for Büchi games. The reason is that attractor acceleration
cannot account for states in the winning region of Player 1 ↑ 𝑆 from which

• Player 1 ↑ 𝑆 cannot enforce reaching𝑂 𝑅
1↑𝑁 , and

• the repeated visit of a Büchi accepting location by Player 𝑆 will eventually lead to𝑂 𝑅
1↑𝑁 .

Motivated by this observation, we introduce an additional acceleration method, called co-Büchi
acceleration, that extends the scope of acceleration-based symbolic game solving. Intuitively, this
method allows us to establish arguments of the form: “If Player 𝑆 with the Büchi objective keeps

l1
l2
l3
l4
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Algorithm 2: Symbolic semi-algorithm for computing the set of states winning for Player 1↑𝑅
in a game with a Büchi objective for Player 𝑅 with set of accepting states represented by 𝐿 .

Algorithm 1 can be used to compute A!r!G",𝐿 (𝑆) symbolically, given a symbolic representation
of 𝑆. Fig. 4b shows an example of such a computation, and the next proposition states its soundness.

P"%&%’(!(%) 6.1. Let G be a reactive program game structure, p ↘ {Sys, Env} and 𝑇 ↘ D. If
A++,)&+!,(G,𝑅 ,𝑇) terminates and returns a!r , then !𝑄𝑈𝑈𝑉" = A!r!G",𝐿 (!𝑇").

6.2 Symbolic Game Solving
In reactive program games we consider objectives de!ned in terms of the locations appearing in a
play. Below we recall the de!nitions of common types of objectives and the classical algorithms for
solving such games, formulated symbolically in the context of reactive program games.

Reachability and Safety Games. The reachability objective Reach(𝑆) for 𝑆 ≃ 𝑊, requires that some
state with location in 𝑆 is visited eventually. Formally, Reach(𝑆) := {𝑋 ↘ S𝑂 | ⇐𝑃 ↘ N. loc(𝑋 [𝑃]) ↘
𝑆}. The dual, safety objective Safety(𝑌) for 𝑌 ≃ 𝑊, requires that only locations in 𝑌 are visited by
the play. Formally, Safety(𝑌) := {𝑋 ↘ S𝑂 | ⇒𝑃 ↘ N. loc(𝑋 [𝑃]) ↘ 𝑌}.
Reactive program games with reachability objectives for a Player 𝑅 can be solved by applying

Algorithm 1 to compute the Player 𝑅-attractor for the set of states with locations in 𝑆. More
concretely, Theorem 6.1 directly implies that𝑍𝐿 (!G", Reach(𝑆)) = !A!!"#$!%"(G, 𝑅, {𝑁 ⇑⇓ Inv(𝑁) |
𝑁 ↘ 𝑆})" holds if the iteration in A!!"#$!%"(G,𝑅 ,{𝑁 ⇑⇓ Inv(𝑁) | 𝑁 ↘ 𝑆}) terminates.

Since safety is dual to reachability, we can solve a reactive program game with safety objective
Safety(𝑌) for Player 𝑅 by solving the game with a reachability objective for Player 1↑𝑅 where the set
of goal locations is 𝑊 \ 𝑌 . More precisely, we call Algorithm 1 as A!!"#$!%"(G,1 ↑ 𝑅 ,({𝑁 ⇑⇓ Inv(𝑁) |
𝑁 ω 𝑌}). If it terminates and returns a!r , then we have that𝑍𝐿 (!G", Safety(𝑌)) = !¬a!r ↗ Inv".

Büchi and Co-Büchi Games. The Büchi objective Buchi(𝑎) for a set of accepting locations 𝑎 ≃ 𝑊,
requires that 𝑎 is visited in!nitely often: Buchi(𝑎) := {𝑋 ↘ S𝑂 | ⇒𝑏 ↘ N.⇐𝑃 > 𝑏. loc(𝑋 [𝑃]) ↘ 𝑎}.
The dual, co-Büchi objective coBuchi(𝑐) for rejecting locations 𝑐 ≃ 𝑊 requires that 𝑐 is visited only
!nitely many times: coBuchi(𝑐) := {𝑋 ↘ S𝑂 | ⇐𝑏 ↘ N.⇒𝑃 ⇔𝑏. loc(𝑋 [𝑃]) ω 𝑐}.
Employing the symbolic attractor computation procedure in Algorithm 1, we lift the classical

algorithm for solving !nite-state games with Büchi and co-Büchi objectives to a procedure for
solving reactive program games with these objectives. The procedure, given in Algorithm 2, is
based on a nested !xpoint computation, as the classical algorithm. The inner !xpoint iteration
computes attractor sets for the Player 𝑅 with Büchi objective Buchi(𝑎), and the outer !xpoint
iteration computes increasing underapproximations of the set of winning states for the Player 1↑ 𝑅
with co-Büchi objective coBuchi(𝑎). At each iteration, we !rst compute 𝑄𝑀 , which represents the
states from which Player 𝑅 can enforce a visit to 𝐿 𝑀 , by calling Algorithm 1. Then, we compute
𝑂𝑀

1↑𝐿 , which represents the states from which Player 1 ↑ 𝑅 can prevent Player 𝑅 from revisiting 𝐿 𝑀 .
This is done by calling Algorithm 1 to compute an attractor for Player 1 ↑ 𝑅 .
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• Establish arguments of the form: "If Player  with the Büchi objective keeps 
visiting a given Büchi accepting location, then the set of winning states of Player 

 must be reached eventually”. 
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(1 − p)
• “Reaching the winning states eventually” is captured by the acceleration lemmas. 
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• In many cases, attractor acceleration is helpful for Büchi and parity games. 

• It is clear that we need acceleration methods specialized for those games.

co-Büchi acceleration

• Establish arguments of the form: "If Player  with the Büchi objective keeps 
visiting a given Büchi accepting location, then the set of winning states of Player 

 must be reached eventually”. 

p

(1 − p)
• “Reaching the winning states eventually” is captured by the acceleration lemmas. 

• In contrast to attractor acceleration, we do not use that the step relation is 
enforceable by a player, but that it is unavoidable by Player  upon revisiting the 
considered accepting location.

p

• The loop games have Büchi winning conditions.
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Lectures Outline

• Specification formalisms for infinite-state reactive systems 

• Main approaches to realizability checking and synthesis 

• Naive symbolic methods and their limitations 

• Symbolic methods enhanced with logical reasoning 

• for solving realizability/synthesis games 

• for translation of temporal logic formulas 

• Specification formalisms for infinite-state reactive systems 

• Main approaches to realizability checking and synthesis 

• Naive symbolic methods and their limitations 

• Symbolic methods enhanced with logical reasoning 

• for solving realizability/synthesis games 

• for translation of temporal logic formulas  

• combining symbolic methods and abstraction 
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φ ::= α ∣ ¬φ ∣ φ ∧ φ ∣ Xφ ∣ Gφ ∣ Fφ ∣ φUφ

where  is a quantifier-free formula over inputs, current and next-state variablesα

Reactive Program LTL (RP-LTL)

Formulas  are quantifier-free first-order formulas over 

• state variables ,  
• input variables , controlled by the environment 
• next-step state variables , controlled by the system 

Synthesis from RP-LTL formulas: translate to a symbolic game and solve the game

α
𝕏
𝕀

𝕏′￼
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Direct Translation via LTL: Example

G u ∧ GF p

Step 1: Propositionalize to LTL formula

G (x′￼= x + 1) ∧ GF (x > 0)
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Direct Translation via LTL: Example

Step 2: Construct deterministic automaton for LTL formula

Direct Translation via LTL

G(x→ = x + 1) → GF(x > 0)

Step 1: Propositionalize to LTL

Gu → GFp

Step 2: Construct automaton for LTL

↑

u → pu → ¬p

¬u ¬u

u → p

u → ¬p

Step 3: Transform back and construct game

(Here a one-player game)

↑

x > 0 → x→ = x + 1x ↓ 0 → x→ = x + 1

x→ ↔= x + 1 x→ ↔= x + 1

x > 0 → x→ = x + 1

x ↓ 0 → x→ = x + 1

↗ Loose high-level information!

5

G u ∧ GF p
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Direct Translation via LTL: Example
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(In this example, a one-player game)

G (x′￼= x + 1) ∧ GF (x > 0)



33

Direct Translation via LTL: Example

Step 3: Transform back and construct game

Direct Translation via LTL

G(x→ = x + 1) → GF(x > 0)

Step 1: Propositionalize to LTL
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Step 2: Construct automaton for LTL
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u → p

u → ¬p

Step 3: Transform back and construct game

(Here a one-player game)

↑

x > 0 → x→ = x + 1x ↓ 0 → x→ = x + 1

x→ ↔= x + 1 x→ ↔= x + 1

x > 0 → x→ = x + 1

x ↓ 0 → x→ = x + 1

↗ Loose high-level information!

5

(In this example, a one-player game)

G (x′￼= x + 1) ∧ GF (x > 0)

Lose high-level information!⇒



Direct Translation: Problem

G(x→ = x + 1) → GF(x > 0)

Reasoning on formula . . .

• G(x→ = x + 1) implies F(x > 0)

• G(x→ = x + 1), x > 0 imply G(x > 0)

• So G(x→ = x + 1) implies GF(x > 0)

Simplify to G(x→ = x + 1)

. . .not clear in game

↑

x > 0 ↓ x→ = x + 1x ↔ 0 ↓ x→ = x + 1

x→ ↗= x + 1 x→ ↗= x + 1

x > 0 ↓ x→ = x + 1

x ↔ 0 ↓ x→ = x + 1

↑ How to apply to games?

34



Method Overview

ω

direct trans-
lation

Symbolic Game

?

Monitor

Uses

- theory information

- temporal structure

→ Verdict for finite prefix

↑

Enhanced Game
- Smaller game

- Simpler winning condition

Game solver
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Method Overview

ω
direct trans-
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Symbolic Game
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Monitor
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- theory information

- temporal structure

→ Verdict for finite prefix
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Enhanced Game
- Smaller game

- Simpler winning condition
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Example: Monitor Construction

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

Step 1: Expansion & RulesStep 2: Verdict Assignment

d > 0 → G!1 ↑ X(. . . )d > 0 → G!2 ↑ X(. . . )d > 0 → G!2 ↑ X(. . . ) ↓↔ ↓↔

G!3 ↑GF(x > 0)G!4 ↑GF(x > 0)G!4G!4

d > 0 ↑ d→ = d

d > 0 ↑ d→ ↓= d d ↔ 0

d→ = d ↑ x→ = x + d

(d→ ↓= d ↗ x→ ↓= x + d)

!1 = {d→ = d}
!2 = !1 ↗ {d > 0}
!3 = !2 ↗ {x→ = x + d}
!4 = !3 ↗ {F(x > 0)}

Rule: Invariant Generation

G(d→ = d), d > 0 =↘ G(d > 0) (SMT query)

Rule: Liveness derivation

G(d > 0), G(x→ = x + d) =↘ F(x > 0) (Fixpoint query)

Rule: Subsumption

G!4 =↘ GF(x > 0)

Verdicts:
Unsafe, Valid, Safety, Open
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Rule: Invariant Generation

Whenever  is satisfied, then all sequences of valuations of the state variables that satisfy 
 the implied invariants must also satisfy  at every point from the current step onwards. 

➡We can add  to the implied invariants. 

 is a strengthening of , which plays the role of an inductive invariant.

γ
α

G(γ → Gα)

θ α

Intuition:

Translation of Temporal Logic for E!icient Infinite-State Reactive Synthesis 52:21

(𝐿1 → 𝑀), (𝐿2 → 𝑀) ↑ Imp𝐿(J!"#$I%&)
Imp↓𝐿 := Imp𝐿 ↔ { ((𝐿1 ↗ 𝐿2) → 𝑀)}

(𝐿 → 𝐿1), (𝐿2 → 𝑀) ↑ Imp𝐿 𝐿1 ↘ ImpInv𝐿 (𝑁) |=𝑀 𝐿2(C’("#$I%&)
Imp↓𝐿 := Imp𝐿 ↔ { (𝐿 → 𝑀)}

(𝐿 → 𝑂) ↑ Imp𝐿 Curr𝐿 (𝑁) ↘ ImpInv𝐿 (𝑁) |=𝑀 𝐿
(C’("#$I%&$ )

Imp↓𝐿 := Imp𝐿 ↔ { (≃ → 𝑂)}

(𝐿 → 𝑃), (𝐿1 → 𝑀) ↑ Imp𝐿 𝑃 ↘ ImpInv𝐿 (𝑁) |=𝑀 𝐿1(C’("#$I%&$ )
Imp↓𝐿 := Imp𝐿 ↔ { (𝐿 → 𝑀)}

(𝐿 → 𝑃), (𝐿1 → 𝑀) ↑ Imp𝐿 𝑃 ↘ ImpInv𝐿 (𝑁) |=𝑀 𝐿1(C’("#$I%&$ )
Imp↓𝐿 := Imp𝐿 ↔ { (𝐿 → 𝑀)}

Fig. 3. Rules for saturating the sets Imp𝐿 for 𝑄 ↑ {A,G}. These rules modify only Imp𝐿 .

(P)!&(*(+,$A--.%&)
Imp↓G := ImpA ↔ ImpG

𝑅 ↑ 𝑆𝐿 𝑅 ⇐ (𝐿 → 𝑀) 𝐿 ↑ QF (X ↔ I ↔ X↓
)

(P)!&(*(+,$ )
Imp↓𝐿 := Imp𝐿 ↔ { (𝐿 → 𝑀)}

𝑂1 W 𝑃1 ↑ 𝑆𝐿 𝑂2 W 𝑃2 ↑ 𝑆𝐿

𝑃1 ↘ 𝑃2 ↘ ImpInv𝐿 (𝑁) |=𝑀 ⇒

𝑂2 ↘ 𝑃1 ↘ ImpInv𝐿 (𝑁) |=𝑀 ⇒

𝑂1 ↘ 𝑃2 ↘ ImpInv𝐿 (𝑁) |=𝑀 ⇒

(P)!&(*(+,$W)
Imp↓𝐿 := Imp𝐿 ↔ { (≃ → (𝑂1 ↘ 𝑂2))}

𝑂 ↑ QF (X) 𝑇 ↑ QF (X)
𝑇 |=𝑀 𝑂

𝐿 ↑ QF (X ↔ I ↔ X↓
)

𝐿 |=𝑀 𝑇
𝑇 ↘ ImpInv𝐿 (𝑁) |=𝑀 𝑇 [X ⇑→ X↓

]

(G,#$I#/)
Imp↓𝐿 := Imp𝐿 ↔ {G(𝐿 → G𝑂)}

𝑂 ↑ QF (X)
𝐿 ↑ QF (X ↔ I ↔ X↓

) 𝑂 ⇐𝑀 𝑈𝑉.(⇓I⇓X↓ . 𝐿 ↘ ImpInv𝐿 (𝑁))↗

⇓X⇔1
⇓I. 𝑉(X⇔1

) ↘ ImpInv𝐿 (𝑁) [X ⇑→ X⇔1,X↓
⇑→ X]

(G,#$I#/$P)
Imp↓𝐿 := Imp𝐿 ↔ { (𝐿 → 𝑂)},GenPreds↓ := GenPreds ↔ {𝑂}

𝐿, 𝑃 ↑ QF (X) 𝐿 |=𝑀 𝑈𝑊.𝑃 ↗ ↖I↖X↓ .ImpInv𝐿 (𝑁) → 𝑊(X↓
)

(G,#$R,(0’)
Imp↓𝐿 := Imp𝐿 ↔ {G(𝐿 → F𝑃)}

Fig. 4. Rules for deducing implied formulas. These rules modify only the set Imp𝐿 for some 𝑄 ↑ {A,G}.

Generating Invariants and Reachability Properties. We now turn to the set of rules that generate
new invariants, that is, formulas of the form (𝐿 → 𝑂), and new reachability properties, i.e.,
formulas of the form (𝐿 → 𝑃). The generated formulas are entailed by the current Imp𝐿 and
𝑆𝐿 sets, and are added to Imp𝐿 . The ability to generate new implied invariants and reachability
properties is crucial for “discharging” temporal obligations or detecting “temporal con!icts”.

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 52. Publication date: January 2025.



Example: Monitor Construction

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

Step 1: Expansion & Rules

Step 2: Verdict Assignment

d > 0 → G!1 ↑ X(. . . )

d > 0 → G!2 ↑ X(. . . )

d > 0 → G!2 ↑ X(. . . )

↓↔

↓↔

G!3 ↑GF(x > 0)

G!4 ↑GF(x > 0)G!4G!4

d > 0 ↑ d→ = d

d > 0 ↑ d→ ↓= d d ↔ 0

d→ = d ↑ x→ = x + d

(d→ ↓= d ↗ x→ ↓= x + d)

!1 = {d→ = d}
!2 = !1 ↗ {d > 0}
!3 = !2 ↗ {x→ = x + d}

!4 = !3 ↗ {F(x > 0)}

Rule: Invariant Generation

G(d→ = d), d > 0 =↘ G(d > 0) (SMT query)

Rule: Liveness derivation

G(d > 0), G(x→ = x + d) =↘ F(x > 0) (Fixpoint query)

Rule: Subsumption

G!4 =↘ GF(x > 0)

Verdicts:
Unsafe, Valid, Safety, Open
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Rule: Liveness Derivation

• This rule generates implied reachability properties. 

• We  provide a formula  and the rule computes as a least fixpoint a formula 
representing all the valuations from which all sequences that satisfy the implied 

invariants eventually satisfy .  

➡We can add  to the implied invariants.

β γ

β
G(γ → Fβ)

Intuition:

Translation of Temporal Logic for E!icient Infinite-State Reactive Synthesis 52:21
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Fig. 4. Rules for deducing implied formulas. These rules modify only the set Imp𝐿 for some 𝑄 ↑ {A,G}.

Generating Invariants and Reachability Properties. We now turn to the set of rules that generate
new invariants, that is, formulas of the form (𝐿 → 𝑂), and new reachability properties, i.e.,
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𝑆𝐿 sets, and are added to Imp𝐿 . The ability to generate new implied invariants and reachability
properties is crucial for “discharging” temporal obligations or detecting “temporal con!icts”.

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 52. Publication date: January 2025.



Example: Monitor Construction

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)
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d > 0 → G!1 ↑ X(. . . )

d > 0 → G!2 ↑ X(. . . )

d > 0 → G!2 ↑ X(. . . )

↓↔

↓↔

G!3 ↑GF(x > 0)

G!4 ↑GF(x > 0)

G!4G!4

d > 0 ↑ d→ = d

d > 0 ↑ d→ ↓= d d ↔ 0

d→ = d ↑ x→ = x + d

(d→ ↓= d ↗ x→ ↓= x + d)

!1 = {d→ = d}
!2 = !1 ↗ {d > 0}
!3 = !2 ↗ {x→ = x + d}
!4 = !3 ↗ {F(x > 0)}

Rule: Invariant Generation

G(d→ = d), d > 0 =↘ G(d > 0) (SMT query)

Rule: Liveness derivation

G(d > 0), G(x→ = x + d) =↘ F(x > 0) (Fixpoint query)

Rule: Subsumption

G!4 =↘ GF(x > 0)

Verdicts:
Unsafe, Valid, Safety, Open
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Method Overview

ω
direct trans-
lation

expansion &
rules

Symbolic Game Monitor

→

Enhanced Game

Game solver

Verdict for finite prefix:

- Unsafe

- Valid

- Safety

- Open

- Smaller game

- Simpler winning condition
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Example: Overall Method

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

Once in Safety stay thereWinning condition: GFr

r

r
↓

↔ Easier safety winning condition
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Example: Overall Method

d > 0 → G(d→ = d) ↑ X(G(x→ = x + d) ↑GFx > 0)

Once in Safety stay thereWinning condition: GFr

r

r
↓

↔ Easier safety winning condition



Method Overview

ω
direct trans-
lation

expansion &
rules

Symbolic Game Monitor

→

Enhanced Game

Game solver

Verdict for finite prefix:

- Unsafe

- Valid

- Safety

- Open

- Smaller game

- Simpler winning condition
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When Can This Be Helpful?

• Detecting unsatisfiable specifications — can help with avoiding the need to accelerate

• Detecting vacuous requirements — can help with avoiding the need to accelerate

• Winning condition simplification (also locally) — safety games are easier

Limitations:

• The symbolic game (essentially the DPA) is still constructed naively 

• No reasoning about strategies

• Computing invariants can be costly

• Size of the game can grow after building the product with the monitor
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The Issy Framework
Issy: Framework Overview

Issy compiler

LLissy
spec.

LLissy
parser

!
.issy

!
.llissy

Specification:
Formula1, . . . ,
Formulam

Game1, . . . , Gamen

Game product
construction

Enhanced
game

On-the-fly
productGame

Monitor

Formulas
to games

Formulas
to monitors

Symbolic
game

Translation to symbolic game [HD25]

Game-solving
interface

Game
solver

Realizable/Unrealizable

Attractor
acceleration

Outer fixpoint
acceleration

Acceleration-based solver [HD24]
Program
extraction

Abstract
reactive
program

C program
construction

!
.c

RPG

RPG parser

tslmt2rpg

!
.rpg

!
.tslmt

7

Conclusion

Issy is indeed a comprehensive tool for Specification and Synthesis of
Infinite-State Reactive Systems

What is next?

• Broader set of techniques, new & refined existing ones

• Wider range of supported theories

• Escape some limits of SMT solver

github.com/phheim/issy10
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SOTA 2025: Techniques and ToolsDifferent Techniques

Tool Specification Type SR B LTL Inf
Inp

Inf
Out

B Z R Input Format

Issy Combined games &
RP-LTL

✁ ✁ ✁ ✁ ✁ ✁ ✁ ✁ Issy, LLissy, RPG,
TSL-MT

rpgsolve [HD24] RPG ✁ ✁ ✂ ✁ ✂ ✁ ✁ ✁ RPG
rpg-STeLA [Sch+24] RPG ✁ ✁ ✂ ✁ ✂ ✁ ✁ ✁ RPG
tslmt2rpg [HD25] + [HD24] TSL-MT ✁ ✁ ✁ ✁ ✂ ✁ ✁ ✁ TSL-MT var.

sweap [Azz+25] Programs + LTL ✁ ✁ ✁ ✂ ✂ ✁ ✁ ✂ custom format
Raboniel [MB22] TSL-MT ✁ ✁ ✁ ✁ ✂ ✂ ✁ ✁ TSL-MT var.
temos [Cho+22] TSL-MT ✁ ✁ ✁ ✁ ✂ ✁ ✁ ✂ TSL-MT var.

G!"S#$ [SDK21] Games ✁ ✂ ✂ ✁ ✁ ✁ ✁ ✁ —
G!"S#$-LTL [SDK23] Games ✁ ✁ ✁ ✁ ✁ ✁ ✁ ✁ —
gr1mT [MWB24] GR(1) + data ✁ ✁ ✂ ✁ ✂ ✁ ✁ ✁ unkown

tools in [RS23; RS24; RGS24] LTLT ✁ ✁ ✁ ✁ ✁ ✁ ✁ ✁ unkown

MuVal [Unn+23] µCLP formulas ✁ ✁ ✁ ✁ ✁ ✂ ✁ ✁ custom format
S%&S#"’( [FK18] linear arith. games ✁ ✂ ✂ ✁ ✁ ✁ ✁ ✁ custom format

14
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SOTA 2025: Techniques and Tools
Different Techniques

Tool Technique Unb.
Loop

Synthesis LTL
Synt.

SMT LTL
to
Aut

Open-
Source

Issy acceleration-based
f.p. computation

✁ ✁(C code) • • ✁

rpgsolve [HD24] acceleration-based
f.p. computation

✁ ✁ • ✁

rpg-STeLA [Sch+24] [HD24] + abstraction ✁ ✂ • ✁

tslmt2rpg [HD25]
+ rpgsolve

monitor-enhanced
symb. game constr.

✁ ✁ • • ✁

sweap [Azz+25] abstraction to LTL ✁ ✁ • • ✁

Raboniel [MB22] abstraction to LTL ✂ ✁(Python) • • ✁

temos [Cho+22] abstraction to LTL ✂ ✁(several) • • ✁

G!"S#$ [SDK21] naive f.p. comp. ✂ ✁ • ✁

G!"S#$-LTL [SDK23] naive f.p. comp. ✂ ✁ • • ✁

gr1mT [MWB24] GR(1) f.p. comp. ✂ ✁ • ✂

tool in [RS23] abstraction to LTL — ✂ • • ✂

tool in [RS24] abstraction to LTL — ✁ • • ✂

tool in [RGS24] abstraction to LTL +
Skolem fun. syn.

— ✁(C code) • • ✂

MuVal [Unn+23] constraint solving ✁ ✂ • ✁

S%&S#"’( [FK18] constraint solving — ✁ • ✁15
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SOTA 2025: Experimental Evaluation

Results: Issy & Friends

0s 500s 1,000s
0

50

Issy
rpgsolve
rpgstela
muval
(sweap)

0s 500s 1,000s
0
20
40
60
80 Issy

tslmt2rpg
(sweap)
Raboniel

• sweap [Azz+25] (seen earlier today)

• MuVal [Unn+23] (µCLP solving)

• Raboniel [MB22] (TSL-MT abstraction)
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Runtime (s) Issy

R
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8
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Lectures Outline

• Specification formalisms for infinite-state reactive systems 

• Main approaches to realizability checking and synthesis 

• Naive symbolic methods and their limitations 

• Symbolic methods enhanced with logical reasoning 

• for solving realizability/synthesis games 

• for translation of temporal logic formulas 

• Specification formalisms for infinite-state reactive systems 

• Main approaches to realizability checking and synthesis 

• Naive symbolic methods and their limitations 

• Symbolic methods enhanced with logical reasoning 

• for solving realizability/synthesis games 

• for translation of temporal logic formulas  

• combining symbolic methods and abstraction 
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Attractor Acceleration: Challenges

Finding acceleration lemmas [Heim/Dimitrova, POPL 2024] 
• uninterpreted lemmas   uninterpreted functions   constraints 
• generate lemmas from grammar/templates with SMT solver 

➡constraints become complex as the size of the games increases

→ →
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Attractor Acceleration: Challenges

Localized Attractor Computations for Infinite-State Games (Full Version) 3

of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.

movebase mine

inpReq § 0

inpReq ° 0 req :“ inpReq

done :“ 0

enoughdone :“ 1  enough ^ haveSamples

sampleS

 enough ^ haveSamples

sampleA

sampleBatMineenterBase

J

pos :“ pos ` 1pos :“ pos ´ 1

Finding acceleration lemmas [Heim/Dimitrova, POPL 2024] 
• uninterpreted lemmas   uninterpreted functions   constraints 
• generate lemmas from grammar/templates with SMT solver 

➡constraints become complex as the size of the games increases

→ →
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Reactive Program Games: Example

Localized Attractor Computations for Infinite-State Games (Full Version) 3

of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.

movebase mine

inpReq § 0

inpReq ° 0 req :“ inpReq

done :“ 0

enoughdone :“ 1  enough ^ haveSamples

sampleS

 enough ^ haveSamples

sampleA

sampleBatMineenterBase

J

pos :“ pos ` 1pos :“ pos ´ 1

[Heim/Dimitrova, POPL 2024]
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• Locations {base, move, mine}

Reactive Program Games: Example

Localized Attractor Computations for Infinite-State Games (Full Version) 3

of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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• Locations  

• Input variables 

{base, move, mine}
{inpReq, a, b}

Reactive Program Games: Example

Localized Attractor Computations for Infinite-State Games (Full Version) 3

of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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• Locations  

• Input variables  

• Program variables 

{base, move, mine}
{inpReq, a, b}

{pos, done, req, samp}

Reactive Program Games: Example
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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done :“ 0

enoughdone :“ 1  enough ^ haveSamples

sampleS

 enough ^ haveSamples

sampleA

sampleBatMineenterBase

J

pos :“ pos ` 1pos :“ pos ´ 1

Two-player game  

• Environment chooses values for input variables vs. system chooses update 

• Specification location-based, e.g. safety, reachability, Büchi, parity



72

Reactive Program Games: Example

Localized Attractor Computations for Infinite-State Games (Full Version) 3

of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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Goal: 

• pre-compute localized attractors in small and useful sub-games 

• utilize the cached results when solving the global game 

➡ when possible, avoid attractor acceleration over the complete game

[Schmuck/Heim/Dimitrova/Nayak, CAV 2024]
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.

movebase mine

inpReq § 0

inpReq ° 0 req :“ inpReq

done :“ 0

enoughdone :“ 1  enough ^ haveSamples

sampleS

 enough ^ haveSamples

sampleA

sampleBatMineenterBase

J

pos :“ pos ` 1pos :“ pos ´ 1

Cache attractor computation results 

Result of local acceleration: , ,  

➡ cache:  target set : ; source set:  

independent program variables: 

(Sys, samp ≥ req samp′￼> samp ∧ req′￼= req ⊤)
mine ↦ samp ≥ req mine ↦ ⊤

done, pos, req
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.

movebase mine

inpReq § 0

inpReq ° 0 req :“ inpReq

done :“ 0

enoughdone :“ 1  enough ^ haveSamples

sampleS

 enough ^ haveSamples

sampleA

sampleBatMineenterBase

J

pos :“ pos ` 1pos :“ pos ´ 1

We consider sub-games induced by helpful edges. 

Idea: capture transitions that a player might need to take,  

           hence the game solving procedure has to establish that  

          the player can eventually enable their guards
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Abstraction to The Rescue

Reactive program game  +  finite set of predicates  

•   over-approximate system player  

•   under-approximate system player

G 𝒫
G↑

G↓
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Abstraction to The Rescue

Reactive program game  +  finite set of predicates  

•   over-approximate system player  

•   under-approximate system player

G 𝒫
G↑

G↓

predicates: from the guards in  G



78

Abstraction to The Rescue

WenvWenv

Wsys

Wsys

predicates: from the guards in  G
Reactive program game  +  finite set of predicates  

•   over-approximate system player  

•   under-approximate system player

G 𝒫
G↑

G↓
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Abstraction to The Rescue: Optimistic Helpful Edges

Wenv

Wsys

Wsys∖Wsys

predicates: from the guards in  G
Reactive program game  +  finite set of predicates  

•   over-approximate system player  

•   under-approximate system player

G 𝒫
G↑

G↓
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Abstraction to The Rescue: Optimistic Helpful Edges

Wenv

Wsys

Wsys∖Wsys

identify helpful edges

predicates: from the guards in  G
Reactive program game  +  finite set of predicates  

•   over-approximate system player  

•   under-approximate system player

G 𝒫
G↑

G↓
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Helpful Edges via Permissive Winning Strategy Templates

permissive winning strategy templates [Anand/Mallik/Nayak/Schmuck, TACAS 2023] 

 represent through local edge conditions (potentially infinite) sets of strategies        
winning for a given player in finite-state games  

v

e1

e2

e3

e4

e5

live groups □ ◊ v ⇒ □ ◊(e1 ∨ e2)

co-live edges ◊ □ ¬e4

unsafe edges □ ¬e4
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Helpful Edges via Permissive Winning Strategy Templates

permissive winning strategy templates [Anand/Mallik/Nayak/Schmuck, TACAS 2023] 

 represent through local edge conditions (potentially infinite) sets of strategies        
winning for a given player in finite-state games  

v

e1

e2

e3

e4

e5

live groups □ ◊ v ⇒ □ ◊(e1 ∨ e2)

co-live edges ◊ □ ¬e4

unsafe edges □ ¬e4

helpful edges 

• edges that belong to a live group 

• safe alternatives to co-live edges
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of winning strategies – in finite abstractions of the infinite-state game. Figure 1
shows an overview of our method which also serves as an outline of the paper.

Our experimental evaluation demonstrates the superior performance of our
approach compared to the state of the art. Existing tools fail on almost all
benchmarks, while our implementation terminates within minutes.

To build up more intuition, we illustrate the main idea of our approach with
the following example, which will also serve as our running example.

Example 1. Figure 2 shows a reactive program game for a sample-collecting
robot. The robot moves along tracks, and its position is determined by the integer
program variable pos. The robot remains in location base until prompted by the
environment to collect inpReq many samples. It cannot return to base until the
required samples are collected, as enforced by the variable done. From the right
position, it can enter the mine, where it must stay and collect samples from two
sites, a and b. However, it has to choose the correct site in each iteration, as they
might not have samples all the time (if both do not have samples, it can get one
sample itself). Once enough samples are collected, the robot can return to base.
The requirement on the robot’s strategy is to be at base infinitely often.

Attractor acceleration [21] uses ranking arguments to establish that by iter-
ating some strategy an unbounded number of times through some location, a
player in the game can enforce reaching a set of target states. In this example, to
reach samp • req in location mine (the target) the robot can iteratively increase
the value of samp by choosing the right updates (the iterated strategy). This
works, since if samp is increased repeatedly, eventually samp • req will hold
(the ranking argument). Establishing the existence of the iterated strategy (i.e.
the robot can increment samp) is a game-solving problem, since the behavior

Figure 2. A reactive program game for a sample-collecting robot with locations
base,move,mine, integer-type program variables pos, done, req , samp and input vari-
able inpReq . We use the following abbreviations: enterBase p“ ppos “ 12 ^ done “ 1q,
atMine p“ ppos “ 23q, haveSamples p“ pa ° 0 _ b ° 0q, enough p“ samp •

req , sampleA p“ psamp :“ samp ` aq, sampleB p“ psamp :“ samp ` bq, and
sampleS p“ psamp :“ samp ` 1q. In each round of the game, the environment chooses
a value for the input inpReq . Based on guards over program variables and inputs, the
game transitions to a black square. The system then chooses one of the possible up-
dates to the program variables, thus determining the next location.

movebase mine

inpReq § 0

inpReq ° 0 req :“ inpReq

done :“ 0

enoughdone :“ 1  enough ^ haveSamples

sampleS

 enough ^ haveSamples

sampleA

sampleBatMineenterBase

J

pos :“ pos ` 1pos :“ pos ´ 1

corresponds to an edge belonging to a 
live group for system player in G↑

the value of  finally becomes greater or equal to samp reqenough =̂ samp ≥ req
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Putting It All Together

1. Given  and  finite set of predicates , construct  and   

2. For each of  and , compute strategy templates 

3. Compute localized attractors in sub-games induced by helpful edges 

4. Use cached results in symbolic fixpoint-based method for solving 

G 𝒫 G↑ G↓

G↑ G↓

G
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Lectures Outline

• Specification formalisms for infinite-state reactive systems 

• Main approaches to realizability checking and synthesis 

• Naive symbolic methods and their limitations 

• Symbolic methods enhanced with logical reasoning 

• for solving realizability/synthesis games 

• for translation of temporal logic formulas  

• combining symbolic methods and abstraction 



84

References (Part 2)

[Bodlaender/Hurkens/Kusters/Staals/Woeginger/Zantema, IFIP TCS, 2012] 
M.H.L. Bodlaender, C.A.J. Hurkens, V.J.J.Kusters, F. Staals, G.J. Woeginger, H. 
Zantema. Cinderella versus the Wicked Stepmother. IFIP TCS 2012 

[Heim/Dimitrova, POPL 2024] 
P. Heim and R. Dimitrova. Solving Infinite-State Games via Acceleration. POPL 
2024 

[Heim/Dimitrova, POPL 2025] 
P. Heim and R. Dimitrova. Translation of Temporal Logic for Efficient Infinite-
State Reactive Synthesis. POPL 2025 

[Heim/Dimitrova, CAV 2025] 
P. Heim and R. Dimitrova. Issy: A Comprehensive Tool for Specification and 
Synthesis of Infinite-State Reactive Systems. CAV 2025



85

References (Part 2)

[Anand/Mallik/Nayak/Schmuck, TACAS 2023] 
A. Anand, K. Mallik, S.P. Nayak, and A. Schmuck. Computing adequately 
permissive assumptions for synthesis. TACAS 2023 

[Schmuck/Heim/Dimitrova/Nayak, CAV 2024] 
A. Schmuck, P. Heim, R. Dimitrova, and S. P. Nayak. Localized Attractor 
Computations for Infinite-State Games. CAV 2024



86

Acknowledgement

Some of the slides in this lecture are by Philippe Heim (CISPA Helmholtz Center 
for Information Security)


