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Tl Ay..., An,—C

® Can we, in such a case, always find it?
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A useful complementary technique to proving:
¢ debugging specifications (program traces, ontologies, . ..)

® search for finite algebraic structures

In this lecture: "MACE-style” finite model finding
e pioneered by McCune's tool MACE, popularised by Paradox!

® Given a set of f.o. clauses NV and a model size s € N, construct a
propositional formula P/ that is satisfiable if and only if there is
anZ = (D, A) such that |D| =sand Z = N.

® Use a SAT solver to attack problems PV, PV PN ...

New Techniques that Improve MACE-style Finite Model Finding, Claessen
Sorensson
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Structure isomorphism
We call Z and Z’ isomorphic, whenever there is such a bijection .

Implications
® When searching for a finite model of size s € N, we can
(arbitrarily) choose D = {1,2,...,s}.
e This will also be relevant for us when D' = D.
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To encode an interpretation Z into SAT we will use:

® propositional variables “p(vy,...,v,,)" for every p/m € Xp and
Vi,...,Vm € D to represent
7
P (Vl7"'7vm) — 17
® propositional variables “f(vi,...,v,) = V" for every f/n € Xp
and v,vy,...,v, €D to represent
7z
frvi,...,vp) =v.

Using the “quotes” here to stress that the SAT solver sees no structure
in these, only the (distinct) names.
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Let's flatten p(f(a,b),9(f(a,b))):
1. getting f(a,b) # 1V p(z1,9(x1)) using t = f(a,b),
2. getting g(x1) # 22V f(a,b) % @1 V p(x1, 22) using t = g(x1),
3. a# a3V g(z1) # x2V f(23,b) % 21V p(1,72) Using t = a,
4. and finally

b#xsVazasVglx)#axaV f(as,xg) % x1Vp(xr,xe)

using t = b.
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Translating Clauses I

Instantiation (in all possible ways):

® For each flattened clause C' and

® each “substitution” ¢ : Var(C) — D
generate the “propositional” clause Co.

Note: this yields |D|* instances for every clause with k variables!
Example (the clause from last example, domain size 2)

p(x1,x2) V g(x1) £ 22V f(x3,24) Zx1Vaas Vb

(L1 V=g =1V f(L) RV Aax Vb e

"p(2,1)"V-"9(2) = 1" VA"F(L ) =2V a"ax 1V A"ha 1Y

"p(1,2)” V=g =22 V(L) 21TV ax Vb e

"p(2,2)"V-"g(2) 2" V"F(L, 1) =27V a"ax 1V A"ha 1Y

"p(L,1) V=) = 1PV f(2,) 217V ax2” Vb e
..number of clauses in total: 16

10/22



Not Done Yet With the Encoding

11/22



Not Done Yet With the Encoding

The problem: functions have been encoded as predicates!

11/22



Not Done Yet With the Encoding

The problem: functions have been encoded as predicates!

Functionality Axioms: For each f/n € ¥p, arguments vq,..., vy,
and two distinct domain elements v and v’ translate and add

F(Viy o, Vi) VIV f(Vi, .., V) %V

A function cannot return two different values for the same arguments.

11/22



Not Done Yet With the Encoding

The problem: functions have been encoded as predicates!

Functionality Axioms: For each f/n € ¥p, arguments vq,..., vy,
and two distinct domain elements v and v’ translate and add

F(Viy o, Vi) VIV f(Vi, .., V) %V

A function cannot return two different values for the same arguments.

Totality Axioms: For each f/n € ¥ and arguments vy, ..., vy,
having D = {1, ..., s}, translate and add

fVi,oo o, vp) =1V .UV f(Ve, .., V) &S,

A function must return at least one value for each argument tuple.
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p(l) Vb1 fH#tvr=tvt—=t f(1)
p2)Vb#2 f(2) &1V f(1)#%1w2=1 f(1)
f) %1V f(2) % 1~vt=2 fEZ;

s (2

XXX
N U
<< <L
R RS

BOR R R

==t ve=

2y A= 2vi=t
£(2) %2V f(1) % 221
f(l) 7732\/f(2) % 2-v+=-2
=222 v2=2
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Example

Given:

pla),  fl)#fly)vaery,  f(flx) =z

Flattened:

pm)Vaige, flx)#zVfiy)#zvery, [fly)~zVflz)#y

Instances for s = 2, D = {1,2}:

p( VoL [f(2)#1V 1) #1 f)=1vf(1)#1
p)VoE2 f#FLVF(2)#1 f)=2Vf(2)#1
f@)#E2vi)#2 f(2)=2Vf(2)#2
f#E2vi2)#2 fR)=1vfQ1)%2

Functionality:

a®lVaz 2, [fA)#IVFQA)£2, [(2)ZE1V[f(2)#2
Totality:

ar1lVax?2, f)=1Vfl)=2, f2)=1Vf2)=~2
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Reducing the Number of Variables in Clauses

Let us massage the FOL problem a bit before instantiation:

Definition introduction to reduce the number of variables that we
would need to add during flattening.

A clause p(f(a,b),g(f(a,b))) becomes p(cy,cs) and we add two
definition clauses ¢; =~ f(a,b) and c2 =~ g(c1).

® Added two new constants c¢i, ¢y into X

® The definitions are global = share them across clauses.

Splitting reduces the number of variables in clauses.
E.g., the clause p(x,y) V q(y, z) is transformed to two new clauses

p(z,y) V s(y) and =s(y) V q(y, 2).

Again, a new symbol is introduced into the signature (here s/1 € ¥p).
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What Are Symmetries?

Summary so far: Given a FOL problem N over ¥ and s € N,
we have a propositional problem P s.t. there is a 1-to-1
correspondence between prop. assignments V' with V' = PY and
interpretations Z = (D, A) with Z = N and |D| = s.
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What Are Symmetries?

Summary so far: Given a FOL problem N over ¥ and s € N,
we have a propositional problem P s.t. there is a 1-to-1
correspondence between prop. assignments V' with V' = PY and
interpretations Z = (D, A) with Z = N and |D| = s.

Convention: In fact, let us assume D = {1,...,s}.

A potential source of inefficiency: isomorphic interpretations!

® Recall: a bijection 7 : D <+ D simply relabels the domain
elements; isomorphic Z and 7' are “essentially the same”

® Why could that be a problem?

® |n the satisfiable case? In the unsatisfiable one?

16/22



Symmetry Reduction in Finite Model Finding

Inspiration: the least number heuristic

® origin: the "SEM-style” model finding methods,
i.e., explicit search for the truth tables

17/22



Symmetry Reduction in Finite Model Finding

Inspiration: the least number heuristic

® origin: the "SEM-style” model finding methods,
i.e., explicit search for the truth tables

Intuition:
® constructs an interpretation Z = N incrementally

e for each decision, it only ever picks the least domain element
(from each considered equivalence class)
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Static Symmetry Reduction

For our SAT encoding: a static analogue of LNH
® et ay,ao,...,a; be an enumeration of the constants of our Xp
e Constraints of type I: “only expand when needed”
a) ~ 1,

as ~1Vag =2,
az~1Vaz~2Vaz~=3,
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Static Symmetry Reduction

For our SAT encoding: a static analogue of LNH
® et ay,ao,...,a; be an enumeration of the constants of our Xp
e Constraints of type I: “only expand when needed”
a) ~ 1,

as ~1Vag =2,
az~1Vaz~2Vaz~=3,

These actually subsume the totality clauses for their constants!

® Constraints of type Il:"don’t leave any gaps”:
a;#dVar~=(d-—1)Va~(d-1)Va_1~(d-1)

foranyl<ieDand1<d<ieD
Note: not just for constants: ..., f(1), f(2),...,9(1,1),9(2,2),...
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Further Tricks and Extensions

Sort Inference
® Try to look for implicit sorts (in our unsorted problem)
® Can then apply symmetry reduction for each sort separately

® Some sorts do not need to be grown over certain size

Deciding Certain Fragments

® e.g., Bernays-Schonfinkel-Ramsey class:
in CNF and all function symbols are constants

® No need to grow s beyond the number of constants!

Handling Multi-sorted Input
® A relatively straightforward extension, but:

® .. which domain to grow next?
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e New Techniques that Improve MACE-style Finite Model Finding,
Claessen, Sorensson

— These slides were mostly based on this!

® Finding Finite Models in Multi-sorted First-Order Logic,
Reger, Suda, Voronkov

— multi-sorted tricks
e Symmetry Avoidance in MACE-Style Finite Model Finding,
Reger, Riener, Suda
— more on symmetries
® Towards Smarter MACE-style Model Finders,
Janota, Suda
— a CEGAR-based (lazy) approach
® Finite Model Finding in SMT, Reynolds et al.
— FMB in SMT
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